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Abstract
All stellar evolution models for nucleosynthesis require an initial isotopic abundance
set to use as a starting point, because nuclear reactions occur between isotopes. Gen-
erally, our knowledge of isotopic abundances of stars is fairly incomplete except for the
Solar System. We develop a first model for a complete average isotopic decomposition
as a function of metallicity. Our model is based on the underlying nuclear astrophysics
processes, and is fitted to observational data, rather than traditional forward galactic
chemical evolution modeling which integrates stellar yields beginning from big bang
nucleosynthesis. We first decompose the isotopic solar abundance pattern into contri-
butions from astrophysical sources. Each contribution is then assumed to scale as a
function of metallicity. The resulting total isotopic abundances are summed into ele-
mental abundances and fitted to available halo and disk stellar data to constrain the
model’s free parameter values. This procedure allows us to use available elemental ob-
servational data to reconstruct and constrain both the much needed complete isotopic
evolution that is not accessible to current observations, and the underlying astrophysical
processes. Our model finds a best fit for Type Ia supernovae contributing ' 0.7 to the
solar Fe abundance, and Type Ia onset occurring at [Fe/H] ' −1.2, in agreement with
typical values. The completed model can be used in future nucleosynthesis studies.
We also perform a preliminary analysis to assess the impact of our isotopic scaling
model on the resulting nucleosynthesis of massive stars, compared to a linear inter-
polation method. Using these two input methods we compute a limited grid of stellar
models, and compare the final nucleosynthesis to observations. The compactness param-
eter was first used to assess which models would likely explode as successful supernovae,
and contribute explosive nucleosynthesis yields. We find a better agreement to solar
observations using the scaling model compared to the linear interpolation method, for
the six s-only isotopes along the weak s-process path.
As a second project, we study the sensitivity of presupernova evolution and super-
nova nucleosynthesis yields of massive stars to variations of the helium-burning reaction
rates within the range of their uncertainties. The current solar abundances from Lod-
ders (2010) are used for the initial stellar composition. We compute a grid of 12 initial
iii
stellar masses and 176 models per stellar mass to explore the effects of independently
varying the 12C(α, γ)16O and 3α reaction rates, denoted Rα,12 and R3α, respectively.
The production factors of both the intermediate-mass elements (A = 16− 40) and the
s-only isotopes along the weak s-process path (70Ge, 76Se, 80Kr, 82Kr, 86Sr, and 87Sr)
were found to be in reasonable agreement with predictions for variations of R3α and
Rα,12 of ±25 %; the s-only isotopes, however, tend to favor higher values of R3α than
the intermediate-mass isotopes. The experimental uncertainty (one standard deviation)
in R3α(Rα,12) is approximately ±10 %(±25 %). The results show that a more accurate
measurement of one of these rates would decrease the uncertainty in the other as inferred
from the present calculations. We also observe sharp changes in production factors and
standard deviations for small changes in the reaction rates, due to differences in the
convection structure of the star. The compactness parameter was used to assess which
models would likely explode as successful supernovae, and hence contribute explosive
nucleosynthesis yields. We also provide the approximate remnant masses for each model
and the carbon mass fractions at the end of core-helium burning as a key parameter for
later evolution stages.
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Chapter 1
Stellar Evolution
1.1 Introduction
In this work, we address two problems with initial conditions in stellar modeling. The
first problem is that the initial isotopic abundances are poorly estimated for sub-solar
models. Secondly, the present uncertainties in the helium burning reaction rates result
in different nucleosynthesis and evolution. By addressing these two initial conditions, we
seek to improve stellar modeling results, which will aid future investigations and enable
better model predictions. Moreover, some results from our efforts can be extended to
additional nucleosynthesis studies.
The pioneering works of Cameron (1957), and Burbidge et al. (1957) identified nu-
clear reactions as being responsible for the energy production in stars, and since that
time nuclear physics has become integral for understanding stellar environments. Its
contemporary application in stellar models permits the investigation of the evolution
and nucleosynthesis of stars across a broad range of initial masses and compositions,
furthering our understanding of not only galactic and chemical evolution, but also the
origins of the isotopes essential for life.
This work has two purposes. The first is to improve initial compositions used as
inputs into stellar modeling. In principle, any composition can be chosen. Observations
give the necessary information to study stellar models with compositions similar to the
Sun, but for compositions containing a lower (or higher) fraction of metals (isotopes
1
2heavier than helium) the needed observations of the isotopic abundances are not avail-
able — and the isotopic composition is crucial for understanding the nucleosynthesis.
Hence, if one wishes to choose compositions representative of the Galaxy sometime in
its chemical history or future, it is necessary to model the Galactic isotopic abundances
as a function of metallicity (mass fraction of all elements heavier than helium) to get the
input composition. Historically, this modeling has been done rather crudely, typically
by linearly interpolating isotopic abundances between their big bang nucleosynthesis
and the solar abundance values. More refined efforts modify these interpolations to
increase the intermediate-mass isotope contributions from massive stars at sub-solar
metallicities (α-enhanced compositions; e.g., Salasnich et al., 2000; Coelho et al., 2007).
It is unknown in detail how these approximations affect the final nucleosynthesis. We
thus make a more careful attempt at modeling the history of these isotopic abundances
by constructing a metallicity-dependent scaling model.
Later, we also perform a preliminary analysis to assess the impact of our model on
the resulting nucleosynthesis compared to the linear interpolation method. Using these
two input methods we compute a limited grid of stellar models, and compare the final
nucleosynthesis to to observations. This first attempt will pave the way for future, more
detailed investigations.
The second objective of this work is to study the impact of uncertainties in the
helium (He) burning reaction rates on massive star evolution and nucleosynthesis. The
12C(α, γ)16O and 3α reactions dominate the energy production of massive stars during
core-He burning and later in He-shell burning phases, and their rates compete to de-
termine the subsequent carbon abundance and affect later nucleosynthesis. A limited
study of the impact of varying these rates across their present 2σ uncertainty exists in
a previous work (Tur et al., 2007), which concluded that a more refined grid for the un-
certainty of the rates was necessary to assess the effects of independently varying them.
In this work, we extend the previous study using a greater resolution in both the He
reaction rate grid and the number initial masses considered, and succeed in constraining
the overall uncertainty better than theoretical/experimental efforts to date.
In other words, we studied two different things. First, we wanted to improve the
methodology for generating abundances for stellar simulations. Our phenomenological
approach, whereas more complex, fits well to data and better represents the abundances
3in the Galaxy. Second, we wanted to improve the present uncertainties on the He
burning rates. Since massive stars make nearly the entire solar abundance of certain
isotopes, we can isolate which He rates reproduce these solar abundances by running
massive star simulations.
This work has the following outline. The present chapter introduces the relevant
stellar physics and modeling. Chapter 2 discusses the nuclear physics and chemical
evolution. Chapter 3 describes the isotopic scaling model used for generating the initial
compositions. Chapter 4 describes the study on varying the He burning reaction rates.
In Chapter 5, we study the impact of varying the initial compositions of a grid of massive
stars at various metallicities, using the isotopic scaling model and the interpolated solar
model as inputs. Finally, Chapter 6 gives a summary and remarks for future extensions.
The rest of this chapter is organized as follows. In Section 1.2, the relevant stellar
physics is introduced, and general stellar evolution is explained. In Section 1.3, the
stellar model used in the present work is discussed.
1.2 Stellar Physics
There are two sets of coordinates common in stellar physics. Eulerian coordinates use
time and the radial coordinate from the star’s center as independent variables, whereas
the Lagrangian description replaces the radius with the mass coordinate (defined below).
The latter is often more useful in the case of spherical symmetry: Throughout stellar
evolution many important features of the star, such as nuclear burning shells, experience
large changes in their radial coordinates but typically much smaller changes in their mass
coordinate. Hence, this coordinate choice facilitates discussion of such features, as the
total mass is fairly invariant compared to the total radius. The Lagrangian description
will be used throughout the present work (e.g., Clayton, 1968; Cox, 1968; Sackmann
and Anand, 1970; Rolfs and Rodney, 1988; Kippenhahn and Weigert, 1990).
41.2.1 Basic Equations
The fundamental hydrodynamic equations for stellar evolution (in Lagrangian coordi-
nates) are given as (Kippenhahn and Weigert, 1990; Heger, 1998),
∂m
∂r
= 4pir2ρ, (1.1)
∂P
∂m
= − Gm
4pir4
− 1
4pir2
∂2r
∂t2
, (1.2)
∂L
∂m
= εn − εν − cP ∂T
∂t
+
δ
ρ
∂P
∂t
, (1.3)
∂T
∂m
= − GmT
4pir4P
∇
(
1 +
r2
Gm
∂2r
∂t2
)
, (1.4)
dYi
dt
=
∑
αk,αl,...,αi,...βk,βl,...,βi,...
λαkk+αll+...→βkk+βll+...
βi − αi
αk!αl! . . .
Y αkk Y
αl
l . . . . (1.5)
Note that the radius is (implicitly) a function of mass. Equation 1.1 is a statement of
mass conservation and defines the Lagrangian mass coordinate, where m is the mass
enclosed at radius r, and ρ is the density. Equation 1.2 is a statement of momentum
conservation and defines the equation of motion, where P is the pressure, and G is
the gravitational constant. When the star is in hydrostatic equilibrium, the accelera-
tion of the radial variable vanishes and Equation 1.2 reduces to the familiar relation,
∂P/∂m = −Gm/4pir4. Equation 1.3 describes the conservation of energy, with L as the
total luminosity, and εn and εν being energy generation (per unit mass per second) due
to nuclear reactions and neutrino cooling, respectively. The third and fourth terms of
Equation 1.3 together give the gravitational internal energy, where T is the tempera-
ture. Equation 1.4 is the transport of energy equation, with ∇ ≡ dlnT/dlnP unless the
region of interest is radiative, in which case,
∇ → ∇rad = 3
16piacG
κlP
mT 4
[
1 +
r2
Gm
∂2r
∂t2
]−1
, (1.6)
5where κ is the opacity, c is the speed of light, l is the local luminosity, and a = 7.57×
10−15 erg cm−3 K−4 is the radiation-density constant. If the region is convective, ∇
is found by applying mixing length theory (discussed briefly in Section 1.3.2, and for
greater detail see Clayton, 1968; Kippenhahn and Weigert, 1990). Equation 1.5 gives
the variation of the composition with time due to nuclear interactions, where Yi is the
abundance (in mole fractions) of isotope i, and λ is the reaction rate. The summation
includes all species (denoted by, k, l, ...) of all possible reactants (αk, αl, ...) and
all possible products (βk, βl, ...) that are involved in interactions with Yi. The mass
fraction of isotope i, Xi, is related to the mole fraction by, Yi = Xi/Ai, where Ai is
the mass of isotope i in atomic mass units (amu). Further discussion and derivation of
these equations can be found in Kippenhahn and Weigert (1990).
This set of equations governs the evolution of stars. Solving these equations allows
the modeling of the dynamics and nucleosynthesis of stellar evolution. Note that we
use modified equations in KEPLER (discussed below in Section 1.3). An important
additional concept is needed for describing energy transfer, and will be discussed next.
1.2.2 Convection
Convection is the salient dynamical instability in stellar environments. If the local
temperature gradient is sufficiently large then a convective instability will occur, mixing
the composition and transporting heat. The criterion for “sufficient” is determined by
the mitigating effects of gradients in the adiabatic temperature and mean molecular
weight. Specifically, a region is convectively stable under the condition,
∇rad < ∇ad + ϕ
δ
∇µ, (1.7)
where ϕ ≡ (∂lnρ/∂lnµ), δ ≡ − (∂lnρ/∂lnT ), and using the following common definitions,
∇rad ≡
(
dlnT
dlnP
)
rad
, ∇ad ≡
(
dlnT
dlnP
)
ad
, ∇µ ≡ dlnµ
dlnP
. (1.8)
This is the Ledoux criterion for convection and is preferred since it is often not the case
that the composition is chemically homogeneous, ∇µ 6= 0. If the composition would be
convectively stable except for the contribution from the composition gradient, that is,
Equation 1.7 is not satisfied but ∇rad < ∇ad (the Schwarzchild criterion for convection)
6then the system experiences semi-convection, which can be interpreted as an oscillatory
instability that begins as a secular instability and grows dynamically unstable if it
persists over a time scale longer than the thermal/radiative diffusion time (Kato, 1966).
Hence, semi-convection is most pronounced in massive stars during the long periods of
core H and He burning at the interface of the core and the inner-most burning shell,
although can also occur in subsequent core and shell burning phases to a lesser degree.
In summary, convection and semi-convection are critical for understanding the en-
ergy transport in stars. They can affect not only the stellar structure and evolution,
but also the nucleosynthesis.
1.2.3 Stellar Evolution by Mass
1.2.3.1 Low and Intermediate Mass Stars
Most stars spend the majority of their lives on the main sequence burning hydrogen
(H) in their core, but those with mass below M . 0.08 M cannot reach sufficient
core temperatures to ignite H burning (Cohen, 1988). These “brown dwarfs” evolve
nearly at constant temperature as they burn deuterium during the star’s contraction.
This contraction is eventually halted by degeneracy pressure, and the star does not
participate in any further nucleosynthesis (Iliadis, 2007).
Stars with slightly higher masses, 0.08 . M/M . 0.4, are able to burn H in
the core but cannot reach the needed temperatures to ignite helium (He). These “red
dwarfs” stay on the main sequence for longer than the current age of the Universe,
remaining convective for much of this time, and eventually end their life as He white
dwarfs (Adams et al., 2004).
Stars with masses between 0.4 . M/M . 2.0 burn H in the core during the
main sequence through the pp chains (proton-proton reactions) and CNO cycles (see
Section 2.6.1), however, those with masses below M . 1.5 M favor the former and stars
with M & 1.5 M favor the latter, due to the efficiency of these processes at different
stellar temperatures (both H burning processes are equally efficient at T ∼ 107 K;
Kippenhahn and Weigert, 1990; Adelberger et al., 2011). Upon core-H depletion, H
burning continues in a shell until the envelope becomes convective, and the star enters
the red giant branch (RGB). Knowledge of the evolution beyond the RGB phase suffers
7uncertainty, due to incomplete understanding of convection and mass loss (see for e.g.,
observational evidence: Castellani and Renzini, 1968; Soker et al., 2001, observational
constraints: Momany et al., 2012, theoretical estimates: Fusi-Pecci and Renzini, 1975).
Generally, as the core temperature continues to rise, core-He burning ignites (at T ≈
0.1 GK) and the star enters the horizontal giant branch (HGB). Note this stage is
reached only once quiescent He burning is achieved, which may follow a core-He flash
(a runaway fusion episode on the degenerate He material). Once the He in the core is
depleted, the star then enters the asymptotic giant branch (AGB) phase. Here, shell-
He burning supports the envelope until the fuel depletes, at which point the outer H
shell contracts, raising temperatures and igniting shell-H burning. This restores the He
abundance in the shell, until it is sufficient to once again ignite in a shell-He flash (fusion
on non-degenerate He material leading to a thermal pulse), depleting the He shell of fuel
once more (Iben, 1977; Chiosi et al., 1992). These cyclical episodes last a few hundred
years and can happen several times with ≈ 10, 000 yrs occurring between flashes. During
this phase the stars sheds significant mass in stellar winds, forming planetary nebulae.
The burning episodes terminate after the AGB phase, due to insufficient mass to ignite
core-carbon (C) burning. The star then dies as a carbon/oxygen (C/O) white dwarf.
Stars with masses 2.0 .M/M . 8.0 are thought to evolve similarly to those with
masses between 0.4 .M/M . 2.0 with some notable differences. For example, above
M & 2.0 M, the He core during the RGB phase is not degenerate, hence no He flash
precedes quiescent burning (Iliadis, 2007). There are also additional mixing episodes
during the AGB phase for stars above M & 4.0 M (Iliadis, 2007), and indeed the higher
mass stars in this range, M ≈ 8.0 M, are assumed to ignite C during or after the second
dredge-up phase (Eldridge and Tout, 2004), resulting in super asymptotic branch stars
(discussed further below). This dredge-up phase occurs during the AGB phase, when
the convective envelope reaches down into the H burning shell, mixing the products of
shell-H burning outward. This process can occur for stars with initial masses greater
than M & 3.0 M (Lambert, 1992).
81.2.3.2 Massive Stars
Less is known about the evolution of stars with initial masses in the range 9 .M/M .
10 (Iliadis, 2007). Their evolution is thought to proceed through core-H and (non-
degenerate) He burning. Subsequent H and He shell burning phases increase the C/O
core until enough C accumulates to ignite a shell-C burning flash, at which point the
star enters the super asymptotic branch (SAGB) phase (e.g., Siess, 2007). Note that the
exact mass range to enter this phase depends on the initial metallicity and treatment
of convection (Lau et al., 2012). As with the AGB phase in lower mass stars, the
SAGB is cyclical with continued C depletion and restoration from shell burning for
≈ 20, 000 yrs. The resulting oxygen-neon-magnesium (ONeMg) core from these cycles is
degenerate, and if the core mass reaches the critical value of≈ 1.36 M, the Fermi energy
becomes sufficiently high for electron capture on Mg to occur. This reduces the available
electrons that contribute to the degeneracy pressure, further increasing the temperature,
and a runaway is triggered with the star exploding as an electron capture supernova
(ECSN). Whether the star can achieve the critical value for explosion depends greatly
on the third dredge-up phase (Siess, 2008), which impacts both the mass and chemical
composition of the core. Fairly recent SAGB models suggesst the strong He enrichment
from the dredge-up phases may be enough to provide non-negligible contributions to the
Galactic He production (Siess, 2007). Stars unable to reach the critical mass necessary
for explosion die as ONe white dwarfs (Eldridge and Tout, 2004; Lau et al., 2011). We
have discovered an 11 M solar metallicity star model that produced an ECSN event
without a prior SAGB phase. The model experienced a complete third dredge-up phase,
removing the He shell entirely, with no more burning beyond the He region and only
minor C burning toward the edge of the core. Such instances have also been observed
by others, but it is unclear whether they are physical results or follow instead from the
approximate treatment of convection in 1D stellar modeling .
Stars with initial masses in the range 10 . M/M . 40 are the primary focus
of the stellar models in the present work. They have enough mass to complete all
possible hydrostatic core burning phases, and following core-C burning, Ne, O, and
finally Silicon (Si) are burned to leave an Iron (Fe) core. An example of these phases,
including the main reactions involved, burning time scales, and core temperatures is
given for a 20 M in Fig. 1.1. The result from hydrostatic burning is the well-known
9onion-layer structure, where the H, He, C, Ne, O, and Si shells are typically convective
and separated by sharp density and entropy gradients that prevent (convective) mixing
across them. An example of the entire pre-supernova evolution of a typical massive star
is given in Fig. 1.2, showing all core and shell burning phases, energy production and
loss, and convective regions.
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Reaction
H He 14N 0.02 107 CNO4 H   4He
He O, C 18O, 22Ne
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C  Ne,
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2.0 0.8 16O + 16O
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Mn, Co, Ni
3.5 0.02 28Si(γ,α)…
Nuclear burning stages
(20 MꙨ stars)
Figure 1.1: The core nuclear burning stages for a 20 M star (provided by Heg, 2012).
The binding energy per nucleon reaches a maximum at Fe, and no further core
burning phases are possible that will contribute to the positive energy generation of
the star (Rolfs and Rodney, 1988). The mass of the degenerate Fe core will continue
to grow though subsequent shell burning episodes, however, until the Chandrasekhar
limit is reached. The value of this limit discovered by Chandrasekhar in 1938 was,
MCh0 ≈ 5.83Y 2e M, where Ye = ne/ρNA is the electron fraction, with ne being the elec-
tron number density, ρ the mass density, and NA is Avagadro’s number (Chandrasekhar,
1939). The current value modifies MCh0 to account for thermal core structure, non-zero
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Figure 1.2: The evolution of a 22 M star as a function of mass coordinate. All hydro-
static burning are shown (taken from Heg, 2012).
entropy, coulomb corrections, and relativistic corrections (Timmes et al., 1996; Shapiro
and Teukolsky, 1983), and takes the form,
MCh ≈MCh0
[
1 +
(
Se
kpiNAYe
)2]
, (1.9)
where Se is the electron entropy, and k is Boltzmann’s constant. Intuitively, this limit
must exist since the mass dependence in the expressions for gravitational pressure and
degeneracy pressure is different, hence there is some mass for which they balance.
Beyond this mass limit the star cannot support itself against gravitational collapse
with a degenerate core, and the core begins to collapse on thermal time scales as neu-
trinos carry away the binding energy (Woosley et al., 2002). The increasing densities
promote electron captures and photo-disintegration of 56Fe into α-particles and neu-
trons. This of course serves to accelerate the collapse by decreasing the degeneracy
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pressure and removing thermal photons that also provide support. The collapse con-
tinues and the core overshoots nuclear densities, and the strong nuclear force releases
the potential energy of this compression in a core bounce that impacts infalling ma-
terial, driving a shock wave and leaving behind a proto-neutron star. This shock is
insufficient to explode the star, however, and it eventually stalls after losing energy by
photo-disintegrating the infalling outer Fe layers. Re-energizing this stalled shock in
order to produce a successful supernova explosion had been a long standing problem
in stellar modeling (e.g., Arnett, 1996). At first, artificial remedies were used which
included energy injection, where the needed energy deposition to drive the shock past
the infalling material was simply inserted (Aufderheide et al., 1991), and parametrizing
the explosion using a mechanical piston (discussed in Section 1.3.3).
It was suggested as early as 1966 that the immense neutrino flux from the proto-
neutron star may in fact be responsible for re-energizing the shock (Colgate and White,
1966), but the details were not understood until later (Wilson, 1985; Bethe and Wilson,
1985). More recent investigations continue to support the neutrino-heating mechanism
(e.g., Marek and Janka, 2009), and it is presently the best known solution for modeling
the energetics of supernova explosions.
Stars with initial masses in the range 40 . M/M . 100 also complete all stages
of hydrostatic burning, and can incur heavy mass loses of their envelopes during a
Wolf-Rayet phase (WR). Many will collapse directly to a black hole (BH) without an
explosion, and hence not populate the interstellar medium (ISM) with metals except
during the mass loss episodes. In fact, it is the amount of mass loss during the WR
phase that dictates whether direct collapse will occur or whether a neutron star (NS)
will result instead (e.g., Heger et al., 2003), and this mass loss is strongly dependent on
the luminosity (Nugis and Lamers, 2000), and is also a function of metallicity (Heger
et al., 2003).
1.2.3.3 Very Massive Stars
Stars in the mass range 100 . M/M . 260, have temperatures and densities suf-
ficiently high after core-He burning so that pair-production by photons impacting on
nuclei is energetically favorable (e.g., Heger and Woosley, 2002). This decreases the pho-
ton pressure, contracting the star and raising temperatures and densities higher still,
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which further increases the pair-production events. For the subset of stars smaller than
M/M . 140, this contraction results in explosive O burning. This explosive burn-
ing does not unbind the star but incurs heavy mass loss followed by Kelvin-Helmholtz
contraction, leading to further explosions. Such “pulsations” (contraction followed by
explosive burning) can happen multiple times until the stars burns Si to Fe and ul-
timately dies as a BH, after ejecting its outer layers, without a final supernova (SN)
explosion (Heger and Woosley, 2002). Conversely, the subset of stars greater than
M/M & 140 die as pair-instability supernovae (PSNe). For these cases, the runaway
from pair-production is halted by implosive O and Si burning, which destroys the star
and leaves no remnant (Heger and Woosley, 2002; Heger et al., 2003).
Stars more massive than M ≈ 260 M, if non-rotating, are believed to collapse di-
rectly to a BH without an explosion (Heger and Woosley, 2002). A non-zero rotation
may prevent direct BH formation if a sufficient accretion disk can develop (Shibata and
Shapiro, 2002), with material ejected in the polar jets. Finally, it is believed that stars
more massive than M ≈ 105 M (supermassive stars) are too heavy to support them-
selves with any known burning process, and collapse directly to a BH before achieving
hydrostatic equilibrium. The full story of stars in this extreme mass range is still being
pieced together. Recent models, for example, suggest some fraction of supermassive
stars may explode as successful supernovae (see e.g., (Johnson et al., 2013), for the case
of a 55, 000 M star, and references therein). A summary of the ranges of initial stellar
masses and their remnants is given in Fig. 1.3 for the case of solar metallicity.
In the previous sections, we have discussed the general evolution of stars as a function
of their initial mass. The effects of metallicity on the nucleosynthesis have not been
addressed here, but will be discussed in Chapters 2 and 3. We shall now introduce
stellar modeling, specifically in the context of the codes used throughout in this work.
1.3 Stellar Models
Since the development of computers, modeling stellar evolution has been achieved by
iteratively solving the fundamental equations for stellar evolution numerically. Many
codes for stellar evolution exist, such as the 1D simulation MESAstar that is open-
sourced to the community (http://mesa.sourceforge.net/, Paxton et al., 2011), as
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Figure 1.3: The fates of stars as a function of the initial mass, for the case of solar
metallicity (taken from Heger et al., 2010).
well as a recent 3D simulation CASTRO (https://ccse.lbl.gov/Research/CASTRO/
index.html, Almgren et al., 2010) that enables improved investigations of phenomena
such as convection, which has previously been constrained to lower-dimensional, ap-
proximate treatments. The stellar simulation used throughout this work is KEPLER,
a time-implicit one-dimensional hydrodynamics package for stellar evolution (Weaver
et al., 1978).
1.3.1 The Basic Equations
The KEPLER code integrates the following equations, assuming a non-rotating spherical
symmetry (Weaver et al., 1978),
dv
dt
= −4pir2 ∂P
∂m
− Gm
r2
+
4pi
r
∂Q
∂m
, (1.10)
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d
dt
= −4piP ∂
∂m
(
vr2
)− ∂L
∂m
+
·
S +4piQ
∂
∂m
(v
r
)
, (1.11)
where the independent variable m is the mass interior to a given radius r, v = dr/dt
is the velocity, P is the pressure,  is the internal energy per unit mass, L is the
luminosity through a shell at radius r,
·
S is the local energy generation rate per unit
mass, G is the gravitational constant, and Q ≡ (4/3) ηvr4∂ (v/r) /∂r, where ηv is the
dynamic viscosity coefficient, as defined in Landau and Lifshitz (1959). Viscosity is
generally small in stellar environments unless shocks are present, which can introduce
spatial gradient discontinuities and numerical complications. To avoid such problems,
the dynamic viscosity coefficient is taken to be,
ηv = ηR +
3
4
l1ρcs +
3
4
l22ρmax [0,−∇ · v] , (1.12)
where ηR is the physical viscosity coefficient, and cs is the sound speed, and l1 and l2
are parametrized lengths used in the second and third terms to provide viscous stresses
that serve to dissipate strong shock transitions.
To summarize, the terms in Equation 1.10 give the accelerations of mass elements
due to pressure gradients, gravity, and viscous stresses, respectively. The terms in Equa-
tion 1.11 give the rate of change of the internal energy due to the local dynamics (either
compression or expansion), heat flow, nuclear energy generation (including neutrino
losses), and viscous dissipation.
1.3.2 Convection
Convection is treated in KEPLER using mixing length theory (see, Clayton, 1968),
where a mass element is assumed to rise or fall a distance l before thermalizing with
the local environment. The average velocity of the mass elements is given (through a
treatment of the buoyancy) by,
vc =
1
2
(
GM
Tr2
∆∇T
) 1
2
l, (1.13)
where ∆∇T is defined as the difference of the absolute magnitude of the adiabatic
temperature gradient from the absolute magnitude of the temperature gradient, G is
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the gravitational constant, M is the mass, r is the radial coordinate, and T is the
temperature. The final expression for the heat flux due to convection is then given as,
H = cPρ
(
GM
Tr2
) 1
2
(∆∇T ) 32 l
2
2
, (1.14)
where cP is the heat capacity at constant pressure, and ρ is the density. In KEPLER,
the mixing length l is taken to be the pressure scale-height, which takes the following
form when the system is in hydrostatic equilibrium,
HP ≡ − dr
dlnP
=
P
ρg
, (1.15)
where g is the local gravity, and P is the pressure. The mixing due to convection is then
addressed by solving the time-dependent diffusion equation once the mixing length is
found,
dYi
dt
=
∂
∂m
[(
4pir2
)2
ρ2D
∂Yi
∂t
]
, (1.16)
where Yi is the abundance of ion species i, and D is the diffusion coefficient, given
by Dc = vcl/3 for Ledoux convection. In the case of semi-convection, D = Ds =
qrDcDR/ (Dc +DR), where DR is the radiation diffusion constant, and the adjustable
parameter qr is set to 0.1. Further details on the treatment of convection and mixing
can be found in Woosley and Weaver (1988), and Woosley et al. (2002).
1.3.3 Explosion Mechanism
The explosion mechanism is modeled as a mechanical piston that imparts an acceleration
at constant Lagrangian mass coordinate to provide the desired total kinetic energy of
the ejecta, taken throughout this work to be 1.2 B (1 B = 1051 erg) at 1 year after the
explosion. The value for the acceleration is found iteratively until the desired final
energy is produced. The mass cut is evaluated at S/NAk = 4.0, where S is the entropy
(roughly the edge of the Fe core). Further discussion of the parametrization of the
explosion used in KEPLER can be found in Weaver et al. (1978); Woosley and Weaver
(1995); Woosley and Heger (2007), and references therein. A discussion of the mass cut
is given in Tur et al. (2007) and Heger and Woosley (2010).
This discussion is not exhaustive; further details of the KEPLER code can be found
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in previous citations and references therein. We aim to develop the features salient to
the present work only. In the following chapter, we address the relevant nucleosynthesis
and astrophyiscal processes.
Chapter 2
Nucleosynthesis
2.1 Introduction
Nucleosynthesis is the study of nuclear species, the reactions and processes that create
them, and their properties. There are several astrophysical processes responsible for
nucleosynthesis, and understanding these processes is essential for describing the iso-
topic and elemental abundances of the Galaxy, both now and in the past. One goal
of nucleosynthesis studies is to understand the isotopic abundance pattern of the solar
neighborhood (Fig. 2.1), its chemical origin and evolution.
Understanding these abundances requires a broad range of physics that describes
everything from primordial matter and the stellar furnaces that process it, to large scale
structures within galaxies, such as globular clusters, and entire galaxies themselves.
Indeed, nucleosynthesis intersects astrophysics, nuclear physics, and cosmology. The
present work will draw on many astrophysical processes responsible for explaining the
features in Fig 2.1. These astrophysical processes will now be introduced, organized
roughly by isotopic mass.
2.2 Big-Bang Nucleosynthesis
The first isotopes were created shortly after the Big Bang. When the Universe was
less than ∼100 seconds old, protons and neutrons were in thermal equilibrium with
each other by weak interactions with neutrinos, preventing the stable construction
17
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Figure 2.1: The isotopic abundance pattern of the solar neighborhood and its salient
features. The abundances are taken from Lodders, 2010. The isotopes given by black
asterisks do not fall into only one of the categories above, and are made in a variety of
processes.
of atomic nuclei. Upon continuing expansion the temperature dropped sufficiently to
“freeze out” neutrino interactions. At this “freeze-out” temperature, corresponding to
kBT∼0.8 MeV, the weak interaction rate became slower than the Hubble expansion,
and the neutron-to-proton ratio (after subsequent β decay) was fixed to n/p ' 1/7 (Yao
et al., 2006). At this point big bang nucleosynthesis (BBN) began with strong inter-
actions among the nucleons, first leading to deuterium (2H) formation, and proceeding
to produce non-negligible abundances of 3He, 4He, 7Li, minute abundances of 6Li, and
trace amounts of isotopes up through oxygen (Cyburt et al., 2001; Fields, 2006).
BBN isotope network calculations give an isotopic abundance pattern that provides
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the initial conditions of the Universe’s chemical evolution, consisting of only a few
species. The rest of the periodic table of elements and (more importantly for the nuclear
astrophysicist) the complete table of isotopes is synthesized in stellar environments from
a variety of processes.
2.3 General Classification of Processes
Isotopic production proceeds from BBN abundances and falls generally into two cate-
gories. Astrophysical processes that are “primary” make isotopes directly from BBN
material, and thus do not require pre-existing metals (isotopes heavier than He). Note
that this does not imply the production channel must be absent of metals, merely that
any metals participating in the reaction(s) are made in situ. Since no pre-existing met-
als are needed, the rate of production of isotopic abundances of primary processes are
a constant function of metallicity, implying,
∂Xi ,p
∂Z
= const.⇒ Xi,p ∝ Z, (2.1)
where Xi,p is the abundance of some isotope i made in a primary process, and Z is
the total metallicity. Thus as the metallicity increases, so too (in proportion) must the
abundances of isotopes made in primary processes that comprise the aggregate.
Astrophysical processes that are “secondary” make isotopes from pre-existing met-
als. Here the rates of isotopic abundances are proportional to their parent isotopic
abundances, made from primary processes, implying,
∂Xi ,s
∂Z
∝ Xj ,p ⇒ Xi,s ∝ Z2, (2.2)
where the subscript s denotes secondary process. As the metallicity increases, so too (in
proportion) does the abundance of isotopes made in secondary processes that comprise
the aggregate, as well as the abundance of isotopes made in primary processes from
which the secondary isotopes are made, hence the additional factor of Z.
Alternately, these relations may be motivated by noting that primary processes
produce isotopes with a rate independent of time, and the average Z of the Galaxy
should increase monotonically with time (e.g., Timmes et al., 1995; Prochaska et al.,
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2003; Bensby et al., 2004; Li et al., 2008), although such relations are dependent on
selection effects (Edvardsson et al., 1993; Feltzing et al., 2001). Similarly, secondary
processes produce isotopes at a rate proportional to abundances from primary processes.
The relations above hold for individual astrophysical events.
There does exist a known tertiary process, photo-disintegration events (the γ-process),
that can be synthesized from parent isotopes made in secondary processes. Such events
would generate abundances cubic in Z, and although this process contributes very little
to the overall distribution of isotopic abundances relative to primary and secondary
processes, there are isotopes that have dominant abundance contributions from photo-
disintegration (e.g., 130,132Ba, 174Hf). Note that the ν-process (discussed below), which
is typically considered primary for light isotopic production, can have contributions to
some heavy isotopes (e.g., 138La, 180Ta) that are also secondary or tertiary in nature,
for the same reasons as photo-disintegration events.
2.4 Light Isotopes
2.4.1 Helium
Almost all He made after BBN is believed to be constructed during H burning in stars
of masses above M > 0.08. Objects below this limit cannot generate sufficient temper-
atures to begin nuclear fusion of H. They are held up against gravitational collapse by
electron degeneracy pressure, after some initial deuterium burning, and exit chemical
evolution as brown dwarfs (Iliadis, 2007). From a chemical evolution perspective, such
stars serve only to remove isotopic material from the interstellar medium (ISM) from
future nucleosynthesis.
2.4.2 ν-Process
Neutrino-induced nucleosynthesis can be separated in two categories. The “light” ν-
process involves interactions among neutrinos and lighter nuclei in the NeO layer during
core-collapse supernovae (CCSNe; Woosley et al., 1990; Yoshida et al., 2004; Heger et al.,
2005). The neutrinos elevate nuclei to excited states through inelastic collisions, which
then decay by nucleon emission (Woosley, 1977; Hartmann et al., 1991). The target
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nuclei for these interactions are CNO isotopes made from H and He, hence this is a
primary process. This process produces abundances for 11B, 7Li, and 19F isotopes
(Timmes et al., 1995; Heger et al., 2005; Prantzos, 2010b). The “heavy” ν-process also
involves neutrino interactions, but with target nuclei made from either the s- or r -
processes (discussed in Section 2.7), and is responsible for heavy nuclei production such
as 180Ta and 138La. Due to the requirement of pre-existing s- or r -process metals to
serve as the target nuclei, the “heavy” ν-process behaves like the γ-process (discussed
in Section 3.2.5.4) with respect to metallicity.
2.4.3 Galactic Cosmic Ray Spallation
Galactic Cosmic Ray (GCR) spallation events occur when energetic protons or α-
particles impact on existing CNO nuclei in the ISM (Reeves, 1970; Meneguzzi et al.,
1971). GCR spallation contributes to 6Li, 9Be, 10B, and 11B abundances (Prantzos,
2007, 2010a). Since spallation occurs on pre-existing CNO nuclei in the ISM, this pro-
cess was traditionally considered secondary. Observations, however, show a primary
dependence on metallicity for 9Be (Prantzos, 2007; Boesgaard et al., 2011), which is
in conflict with the understanding of traditional spallation events. A solution to this
problem was proposed by Prantzos (2012, 2010a), who suggested that GCRs accelerated
by the winds of rotating massive stars could be abundant in CNO isotopes. If these
GCRs then hit ISM protons or α-particles, this would satisfy the condition of a primary
event. A more recent investigation by Banerjee et al. (2013) identified neutrino-induced
reactions in the He shells during CCSNe events as an additional possible source for pri-
mary 9Be. It is not yet clear what the relative contributions to primary 9Be would be
from both primary GCR spallation and neutrino-induced reactions, if indeed both con-
tribute. In the present work we assume that primary GCR spallation is the mechanism
for LiBeB production, along with secondary GCR spallation (Prantzos, 2007, 2010a,
2012), but acknowledge that future efforts may require modification.
2.4.4 Classical Novae
In binary star systems, white dwarfs that accrete material from its companion star can
undergo outbursts powered by a thermonuclear runaway in the accreted layer (Truran,
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1982; Starrfield, 1989). Nucleosynthesis occurs on both the accreted material, that is
rich in H and He, and on primary CNO (and ONeMg for ONeMg novae) dredged-up
into the envelope, hence this process is primary. Unlike most other primary processes
that immediately begin to enrich the ISM (compared to galactic chemical evolution
timescales), there is a delay between the formation of the novae progenitors and their
contributions to the ISM, as is also the case with Type Ia SNe. Simulations show
differences in isotopic production below the iron peak, depending on the composition of
the core and its mass (Jose´ and Hernanz, 2008, 2007; Gehrz et al., 1998). Hence, precise
abundance determinations are difficult to isolate. Many CO novae simulations show
production of 7Li, 13C, 15N, 17O, and 19F that dominate the ejecta, whereas ONeMg
novae show additionally contributions of other metals up to 40K (Jose´ and Hernanz,
2007), both of these cases are subject to core mass and the treatment of mixing.
2.5 Low and Intermediate-Mass Star Contributions
Stellar winds from low and intermediate-mass stars are rich in C and N isotopes (Arnould
et al., 2003), and provide significant contributions to their solar abundances. Fitting
the contributions from these sources to data is problematic, since contamination from
massive stars is always present and difficult to separate out. Hence, we do not indepen-
dently address stellar wind contributions in the present work and instead combine their
contributions with those from massive stars, both of which are primary processes.
2.6 Intermediate-Mass and Iron Group Isotopes
The majority of the metals by mass fall into this category and are made in different types
of supernovae. Simulations of electron-capture supernovae (ECSNe), for example, show
large productions of 64Zn, 70Ge, and 90Zr, however, the 90Zr overproductions vanish
with a change in Ye of only 1 % − 2 % (Wanajo et al., 2009). Light p-isotopes (74Se,
78Kr, 84Sr, and 92Mo) are also shown to be produced in appreciable quantities, but very
little α-isotopes and iron group isotopes are produced in this environment (Wanajo
et al., 2009). In our model we do not address ECSNe contributions differently from
CCSNe, and this is left for future work.
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2.6.1 Hydrostatic Burning
Hydrostatic burning in massive stars (∼10−100 M) synthesizes most isotopes from He
up to the iron peak (Burbidge et al., 1957; Rauscher et al., 2002). Stellar winds can eject
some of this material over the star’s life, but the subsequent SNe provides the salient
contributions to ISM for intermediate-mass and iron group isotopes. Massive stars that
experience heavy mass loss, which is typical for those with M & 30 M, are thought
to play important roles in chemical enrichment at low metallicities. Specifically, stellar
models have shown significant contributions to CNO isotopes with moderate productions
of Na and Al, although the latter require fast rotating models, which may also influence
the C production (Chiappini et al., 2006; Meynet et al., 2006).
Main sequence hydrogen burning proceeds with the 4 CNO cycles,
CNO I : 12C (p, γ)13 N
(
β+νe
)
13C (p, γ)14 N (p, γ)15 O
(
β+νe
)15
N (p, α)12 C, (2.3)
CNO II : 16O (p, γ)17 F
(
β+νe
)17
O (p, α)14 N (p, γ)15 O
(
β+νe
)15
N (p, γ)16 O, (2.4)
CNO III : 15N (p, γ)16 O (p, γ)17 F
(
β+νe
)17
O (p, γ)18 F
(
β+νe
)18
O (p, α)15 N, (2.5)
CNO IV : 16O (p, γ)17 F
(
β+νe
)17
O (p, γ)18 F
(
β+νe
)18
O (p, γ)19 F (p, α)16 O, (2.6)
Despite the many reactions involved in the CNO cycles, the net result of each is,
4H→4 He + 2e+ + 2νe. (2.7)
Hence, whereas this does not contribute to the metallicity of the star, it is responsible
for 14N, and some 13C and 15N abundances, which participate in later nucleosynthesis
(Woosley and Weaver, 1995; Prantzos, 2003). Note that the overall CNO abundance
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does not change, but the distribution of CNO isotopes achieves an equilibrium abun-
dance determined by the relative cross-sections — hence the dominant result from the
CNO cycles is 14N. Note further that whereas the CNO I cycle is the most relevant
for energy generation, the other cycles can be relevant for nucleosynthesis, by providing
isotopes that participate in the CNO I cycle.
Once the star leaves the main sequence, the salient core-He burning reactions are
4He (α, γ)8 Be (α, γ)12 C, which is often denoted simply by 3α→12 C due to the short
timescales required for the second two-body interaction (8Be has τ1/2 ∼ 10−17 s; Audi
et al., 2003), and 12C (α, γ)16 O. These rates compete to affect the O/C ratio at the end
of core-He burning, in addition to indirectly affecting subsequent burning episodes and
the structure of the pre-supernova star. A study investigating the effects of varying these
rates across their known 2σ uncertainty range is discussed in Chapter 4. Additional He
burning reactions relevant for nucleosynthesis include 15N (α, γ)19 F which contributes to
the 19F abundance (Meynet and Arnould, 2000), and 14N (α, γ)18 F (β+νe)
18
O (α, γ)22 Ne,
which contributes to 18O and 22Ne abundances (Woosley and Weaver, 1995), the latter
being crucial for the weak s-process (discussed in Section 2.7.2).
Due to higher temperatures that enable a greater variety of nuclear reactions, the
nucleosynthesis beyond core-He burning becomes complicated enough to warrant the use
of nuclear reaction networks to solve for the final composition (Woosley et al., 2002).
Such networks consist of coupled, linear differential equations that are solved numeri-
cally in stellar evolution codes. In addition to the more complicated nucleosynthesis,
neutrino losses now play a much larger role in balancing the energy budget (Arnett,
1972). In fact, the evolution of massive stars beyond He burning has been described as
a “neutrino-mediated Kelvin-Helmholtz contraction of a carbon-oxygen core” (Woosley
et al., 2002), that is interrupted only when subsequent burning phases are able to bal-
ance the neutrino losses.
The main reactions during core-C burning are, with almost equal branchings,
12C
(
12C, α
)20
Ne, 12C
(
12C, n
)23
Mg, and 12C
(
12C,p
)23
Na.
Two other isotopes of Ne can be produced by,
20Ne (p, γ)21 Na (β+νe)
21
Ne, and 21Ne (p, γ)22 Na (β+νe)
22
Ne.
Much of the 23Na is processed by,
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23Na (p, α)20 Ne, 23Na (p, γ)24 Mg, and 23Na (α,p)26 Mg (p, γ)27 Al.
There is also the processing of 21Ne into 26Mg by,
21Ne (p, γ)22 Na (β+)
22
Ne (α,n)25 Mg (n, γ)26 Mg,
in addition to some others (Arnett and Thielemann, 1985). These latter reactions have
rates about an order of magnitude smaller than the main reactions.
Core-Ne burning occurs next, with the photo-disintegration reaction, 20Ne (γ, α)16 O
followed by 20Ne (α, γ)24 Mg. Other reactions (with rates of about two orders of mag-
nitude less) also include (Thielemann and Arnett, 1985),
24Mg (α, γ)28 Si, 25Mg (α,n)28 Si, 26Mg (α,n)28 Si, 26Mg (p,n)26 Al, 26Mg (α, γ)30 Si,
27Al (α,p)30 Si, and 30Si (p, γ)31 P.
The main reactions of core-O burning are (e.g., Clayton, 1968),
16O
(
16O, n
)31
S, 16O
(
16O, p
)31
P, 16O
(
16O,d
)30
P, and 16O
(
16O, α
)28
Si.
Other important reactions include (Thielemann and Arnett, 1985),
31P (p, α)28 Si (α, γ)32 S, 32S (α, γ)36 Ar (α,p)39 K, 32S (α, γ)36 Ar (n, γ)37 Ar (β+)
37
Cl,
and long reaction chains producing 40Ca and 46Ti from 35Cl.
Since Silicon (Si) is very tightly bound, its burning proceeds differently than the
typical fusion reactions in core-O and core-C burning. New nuclei are synthesized by
α-capture on 28Si, with the α-particle abundance replenished from photo-disintegration
of heavier nuclei. Since the nuclei capture and release α-particles at a high rate, the
abundance pattern between 28Si and 56Ni does not change over times sufficient for large
numbers of individual reactions. Such a system can be said to be close to equilibrium
(in this isotope range), a condition called quasi-nuclear statistical equilibrium (QSE)
(see, Bodansky et al., 1968; Meyer et al., 1998). Indeed this phase has been described
as core-Si “melting” to 56Ni rather than burning (Clayton, 1968). Eventually the Si
composition reaches the Fe group nuclei, but the exact path is highly dependent on the
neutron excess, temperature, density, and convection. For this reason stellar modeling
often requires a separate QSE network coupled to the reaction network, and Si burning
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is thus more computationally expensive and potentially numerically unstable (Woosley
et al., 2002).
In summary, the main reactions of each core burning phase have been discussed that
provide the needed energy generation. Hence, these are important for understanding
the evolution of the star. Additionally, there are many other reactions given which are
important contributors to the nucleosynthesis.
2.6.2 Core Collapse Supernovae
Upon core collapse the Fe core disappears into the remnant, and the passage of the
shock through the interior layers of the star leaves the composition α-rich by photo-
disintegration. The material subsequently expands and cools to form the majority of
the observed α-isotopes and nuclei up to the Fe peak. It is believed that CCSNe likely
produces between 1/3 and 2/3 of the solar abundance of iron peak isotopes (Timmes
et al., 1995). The products of explosive O and Si burning are similar to their hydro-
static counterparts, but may vary due to the higher temperatures (Truran and Arnett,
1970). From explosive Si burning many isotopes are made between 43Ca and 66Zn. The
explosive O burning makes most of the observed isotopic abundances between 28Si and
42Ca. Explosive Ne/C burning makes lower mass isotopes between 23Na and 31P, and
additionally many neutron-rich isotopes with mass numbers between ≈ 36 − 88. The
latter are made from neutron capture reactions, with the neutrons provided by (α,n)
reactions from the Ne/C explosive burning (Woosley et al., 2002).
2.6.3 Pair-Instability Supernovae
Pair-instability supernovae (PISNe) have been shown in simulations to overproduce even
nuclei relative to odd nuclei due to the small neutron excess in their interiors, as well as
over-productions of Si and S due to the extensive O burning (e.g., Heger and Woosley,
2002; Umeda and Nomoto, 2002). In our model we do not address PISNe contributions
differently from CCSNe, and this effect is left for future work.
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2.6.4 Type Ia Supernovae
The standard model for Type Ia SNe is thermonuclear explosions of CO white dwarfs
(Hoyle and Fowler, 1960). Many different progenitor models are being investigated. The
double degenerate channel involves the merger of two WDs (e.g., Iben and Tutukov,
1984; Toonen et al., 2012; Wang and Han, 2012). Within this channel there is also
a possible sub-Chandrasekhar progenitor model, where the explosion occurs below the
Chandrasekhar mass limit due to carbon detonation near the WD surface (e.g., Nomoto
et al., 2013). In the single degenerate channel, a white dwarf accretes material from
a red giant companion (e.g., Nomoto et al., 1997; Hillebrandt and Niemeyer, 2000;
Woosley, 2001). Note that there is also a possible sub-Chandrasekhar progenitor model
for this channel as well, if a helium detonation is induced in the accreting WD by strong
He flashes (e.g., Nomoto et al., 2013). Even in the single degenerate Chandrasekhar
models, however, there are discrepancies between the delay time distribution and the
corresponding time-integrated supernova Ia rate (e.g., Bours et al., 2013). It is clear
the progenitors of Type Ia are still not well known, however, it should be noted that
the Chandrasekhar mass models better explain the observed features of SNe Ia (e.g.,
spectra, composition) compared to the sub-Chandrasekhar models (e.g., Livio, 2000).
These SNe provide the remaining iron peak abundances not produced in massive
stars, with some enrichment of other metals (Travaglio et al., 2004b; Maeda et al.,
2010). In fact, simulations show Type Ia production of minute trace contributions to
all isotopes below the iron peak (Nomoto et al., 1997), with the exception of 40K —
dependent, however, on the initial metallicity of the progenitor. The burning occurs
in nuclear statistical equilibrium (NSE), and because of the balancing of forward and
backward reactions, the final abundances are not determined by cross-sections but rather
by the binding energies (Hoyle, 1946; Burbidge et al., 1957; Cameron, 1957). Both
CCSNe and Type Ia SNe produce their isotopic yields explosively, which destroys much
of the initial metal composition. The evolutions of their isotopic products are considered
primary.
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2.7 Heavy Isotopes
Isotopes heavier than Fe cannot be made through fusion reactions. Different mecha-
nisms must then be operative to produce the heavy isotopes. We now introduce these
mechanisms, and describe the isotopic approximate ranges to which they contribute.
2.7.1 The Main s-Process
The s-process is one of the four trans-iron processes for making the heavier nuclides. It
synthesizes isotopes via slow neutron capture (Burbidge et al., 1957), and is responsible
for approximately half the heavy isotopes beyond iron (Pignatari et al., 2010; Heil
et al., 2007). Since this process is characterized by neutron capture rates that are slow
compared to the β decay rate of the target nucleus, τβ  τnγ , production proceeds
along the path of isotopic stability, with 56Fe playing the role of the seed nucleus (e.g.,
Fig. 2.2). In reality many metals can seed this process, but in practice 56Fe is often used
as the sole target nucleus due to both its large abundance and neutron capture cross
section relative to other potential seeds.
The main component of the s-process occurs in the thermally pulsating (TP) AGB
stellar phase for stars with M . 1.5M 1. The TP-AGB phase (e.g., Habing and Olofs-
son, 2003) occurs once the He shell has depleted its fuel. The next energy source is then
provided by burning H in a thin shell next to the depleted He shell. This slowly builds up
the He shell abundance once more, and eventually the He ignites explosively in a He flash
or thermal pulse. After termination of this pulse, protons from the H shell can be mixed
(H-ingestion) into the top layers of the intershell (e.g., Iliadis, 2007), perhaps by semi-
convection or overshooting (e.g., Lattanzio and Lugaro, 2005). The star then contracts
enough to once again ignite H shell burning, and the cycle begins again. The protons
that have been mixed downward into the intershell region can be captured on syn-
thesized 12C to form a 13C pocket by the reactions, 12C (p, γ)13 N (β+νe)
13
C (p, γ)14 N
(Busso et al., 1999). Existing α-particles can then produce a neutron source by the
reaction, 13C(α,n)16O. The neutrons facilitate main s-process production throughout
several helium flashes by capture on pre-existing metals contained in the star. Due to
1Production for this component is also possible in SAGB stars with a 22Ne(α,n)25Mg neutron source,
although the yields are highly dependent on the 12C(α, γ)16O and 3α reaction rates (Lau et al., 2011).
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Figure 2.2: An example s-process path (blue line), from 56Fe to 78Se. Stable isotopes
are shown, and those along the s-process path are given in yellow. Branching points
are not shown.
the larger neutron exposures possible in the main s-process (relative to the weak com-
ponent of the s-process), heavy isotopes can be produced, with salient contributions
between mass numbers A ≥ 88 (Truran and Iben, 1977; Iben, 1975).
Analytic calculations of s-process abundances are possible. The relevant differential
equations are linear and coupled. The abundance evolution of a stable nuclide denoted
by its mass A can be expressed as (e.g., Clayton, 1968),
dNA
dt
= −NnNA 〈σv〉A +NnNA−1 〈σv〉A−1 , (2.8)
where NA is the number density of nuclide with mass A, Nn is the neutron number
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density (typically ∼ 108 cm−3), and 〈σv〉A is the Maxwellian-averaged neutron capture
thermonuclear reaction rate, given by,
〈σv〉 =
(
8
piµ
) 1
2 1
(kT )3/2
∞∫
0
Eσ (E )e−E/kTdE, (2.9)
where µ is the reduced mass, E is the energy, T is the temperature, k is Boltzmann’s
constant, and σ(E ) is the cross-section. Under the classical model approximation, the
temperature is assumed constant during neutron irradiation, hence the Maxwellian-
averaged thermonuclear reaction rate can be simplified,
〈σv〉A ≈ 〈σ〉A vT , (2.10)
where vT is the thermal neutron velocity, and only the cross-section is averaged. It is
typical to then define the neutron exposure,
τ = vT
∫
Nn(t)dt . (2.11)
The neutron exposure, or time-integrated neutron flux, has characteristic values depend-
ing on environment (discussed further below). This definition then allows the recasting
of the original abundance evolution equation, and the entire system can be written as
(e.g., Iliadis, 2007),
dNA
dτ = −NA 〈σ〉A +NA−1 〈σ〉A−1
dNA−1
dτ = −NA−1 〈σ〉A−1 +NA−2 〈σ〉A−2
...
dN56
dτ = −N56 〈σ〉56 ,
(2.12)
where N56 is the
56Fe number density. Bottlenecks in the reaction flow exist at closed
neutron shells, where the neutron capture cross-sections are small, and the abundances
at these corresponding mass numbers accumulate into peaks. Three such peaks exist
at approximate mass numbers, 88, 138, and 208, thus Sr, Ba, and Pb are signature
s-process elements. In between closed neutron shells the flow is in equilibrium, hence
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dNA/dτ ≈ 0 and thus NA 〈σ〉A ≈ NA−1 〈σ〉A−1 ≈ const. Additionally, there are unsta-
ble nuclei along the s-process path that have β decay rates comparable to either the
neutron capture rate or the β+ decay rate. These nuclei create branching points in the
reaction flow, and the relation between the products of the abundance and the cross
sections must be modified to, NA 〈σ〉A +NA′ 〈σ〉A′ ≈ NA+1 〈σ〉A+1, where A′ stands for
the unstable branching point nuclei.
The system given in Equation 2.12 can be solved analytically. It is unlikely that
the neutron exposure will remain constant throughout successive dredge-up episodes
during the AGB phase of the star. One would expect the neutrons to decrease at a
rate proportional to the available 13C. Hence, it is common to assume an exponential
distribution of neutron exposures of the form (e.g., Clayton, 1968; Ka¨ppeler et al., 1990),
p (τ) =
fN seed
τ0
e−τ/τ0 , (2.13)
where f is the fraction of 56Fe seed nuclei, denoted as N seed, that has been subjected
to the neutron exposure, and τ0 is the mean or characteristic neutron exposure, which
can serve as a parameter in s-process calculations. The abundances averaged over p (τ)
can then be expressed in the standard way (e.g., Iliadis, 2007),
NA (τ0) =
∫∞
0 NA (τ) p (τ) dτ∫∞
0 p (τ) dτ
=
∫ ∞
0
NA (τ)
τ0
e−τ/τ0dτ, (2.14)
and the system given in Equation 2.12 can be iteratively solved to yield (e.g., Ka¨ppeler
et al., 1990, 2011a),
〈σ〉ANA (τ0) =
fN seed
τ0
A∏
i=56
(
1 +
1
τ0 〈σ〉i
)
. (2.15)
This type of analysis has been used very successfully to fit the s-process abundances of
s-only isotopes (isotopes made only by the s-process) to their observed solar abundances
(e.g., Ka¨ppeler et al., 1990, 2011b). In AGB stars at high metallicities, typical fit values
for the mean neutron exposure are τ0 ' 0.3 mb−1 (Ka¨ppeler et al., 1990). It was found
from such a fitting that one τ0 value could not fit all observed s-only isotopes in the
solar abundance pattern, and in fact three distinct neutron exposure distributions were
32
required (e.g., Lamb et al., 1977; Iben and Renzini, 1982a,b; Busso and Gallino, 1985;
Iliadis, 2007). This motivated postulating two additional types of s-processes, occurring
in different astrophysical environments.
2.7.2 The Weak s-Process
The weak component of the s-process occurs in massive stars, during convective core-He
burning and C shell burning (Pignatari et al., 2010). The neutron source in core-He
burning is from the reaction 22Ne(α,n)25Mg. The 22Ne nuclei are produced from the
burning of 14N (that was made previously in the CNO cycle) by,
14N (α, γ)18 F (β+νe)
18
O (α, γ)22 Ne.
Subsequent C shell burning can produce neutrons by, 13C(α,n)16O, and also provide α-
particles to reignite the 22Ne(α,n)25Mg neutron source. These neutrons are captured on
initial 56Fe present in the star, and typical neutron exposure values are τ0 ' 0.07 mb−1
(Ka¨ppeler et al., 1990). The weak s-process component can only synthesize isotopes
along the line of stability up to a mass number of A≈ 100 (Raiteri et al., 1993), due
its smaller neutron exposures relative to the main component. Although typically con-
sidered for its isotopic production beyond Fe, this process may also contribute signifi-
cant amounts of 36S, 37Cl, 40Ar, 40K, and 45Sc by neutron capture on lighter isotopes
(Woosley et al., 2002), although we neglect these contributions in the present work.
Both the main and weak components of the s-process rely on the existence of metals
in the initial composition of the star, and therefore are considered secondary processes.
The neutron source for the main s-process, however, is primary (Clayton, 1988) — as
well as some of the C shell burning contributions to the weak s-process, which could
result in a behavior between that of a primary and secondary process.
2.7.3 The Strong s-Process
Originally a strong component of the s-process was introduced to address the underpro-
duction of lead not accounted for by the main component at solar metallicities (Clayton
and Rassbach, 1967), and it was believed that a third type of neutron exposure was
needed to generate the remaining Pb, with typical values estimated at τ0 ∼ 7 mb−1
(Ka¨ppeler et al., 1990). Sufficient production was later found in the low metallicity
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regime of the main component, and the strong s-process component has since been re-
interpreted as a low metallicity effect of the main component (Gallino et al., 1998). This
can be understood in the following way. As the metallicity (and hence Fe) decreases the
neutron-to-seed ratio increases, since the neutron source is primary, whereas Fe has sig-
nificant contributions from Type Ia SNe (which do not contribute at low metallicities).
This increased neutron-to-seed ratio appears to provide sufficient neutron exposure to
make the heavy Pb and Bi isotopes underproduced by the main s-process. Simula-
tions of low metallicity AGB stars show production of “strong” s-process isotopes at
[Fe/H] = −2.6 that exceed production at solar metallicities by several dex, depending
on 13C pocket efficiencies (Bisterzo et al., 2010). This implies nearly all of the solar
“strong” s-process abundances are made at low metallicities.
2.7.4 Lighter Element Primary Process
Indication for the need of an additional primary process separate from the r -process is
implied by observations of ultra-metal poor (UMP) stars, and was first implemented by
Qian and Wasserburg (2001) in a two component phenomenological model. This process,
sometimes referred to as the weak r -process (Truran and Cowan, 2000) or charged-
particle reaction process (Qian and Wasserburg, 2007), was named in more general terms
by Travaglio et al. (2004a) as the lighter element primary process (LEPP), and is needed
to explain an observed excess of some lower mass (A < 130) elements, notably Sr, Y, and
Zr, that cannot be accounted for by neutron capture processes, photo-disintegration,
or CCSNe. Investigation of the triple-α and 12C(α,n)16O rates indicates that their
present 2σ uncertainty cannot account for the necessary production of Sr, Y, and Zr by
the weak s-process in massive stars (Tur et al., 2009). A more recent nucleosynthesis
calculation by Arcones and Montes (2011) suggests the interesting possibility of the
needed abundances being produced in the neutrino-driven winds of ultra-metal poor
CCSNe, although their yields suffer over-productions of additional isotopes in order to
provide the necessary Sr, Y, and Zr.
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2.7.5 The r-Process
The r -process synthesizes isotopes beyond the iron peak using rapid neutron capture
relative to the beta decay rate, τβ  τnγ , with high neutron density on order of
n & 1021 cm−3 (Burbidge et al., 1957). The astrophysical location of this process is still a
matter of debate, but was first thought to occur in CCSNe environments (Hoffman et al.,
1997). More recently it has been postulated to occur in shocked surface layers of O-Mg-
Ne proto-neutron stars (Ning et al., 2007; Qian and Wasserburg, 2007), and simulations
have also shown success in reproducing r -process signatures from ν-driven nucleosyn-
thesis in the He-shell during CCSNe in the low metallicity regime (Z < −3.0; Banerjee
et al., 2011). Yet other possibilities include neutron star mergers and r -process pro-
duction in winds from accretion disks of BHs (e.g., Qian, 2012, and references therein).
A recent principle component analysis has linked r -process elemental abundances with
α-isotopes, however, further suggesting CCSNe as a possible site for this process (Ting
et al., 2012).
The r -process proceeds far beyond the neutron-rich side of stability due to the
high neutron densities (e.g., Fig. 2.3). Abundances accumulate towards higher neu-
tron numbers until the rate between neutron capture and photo-disintegration balances,
λn,γ = λγ,n  λβ. This equilibrium (called the “waiting point”) is not disturbed by
subsequent β decays, which serve to send the flow to higher proton numbers where
neutron capture can continue to a new equilibrium specific to that isotopic chain. In
this fashion abundances flow and pile up until the neutron exposure terminates, when
all unstable isotopes then β decay back to the line of stability.
As with the s-process, the r -process also bottlenecks at closed neutron shells. Since
the closed neutron shells are encountered on the neutron rich side of stability, however,
the proton number is lower at these bottlenecks for the r -process than it is for the
s-process, hence after decay to stability the r -process peaks always occur at lower mass
numbers relative to the s-process peaks, at approximately 80, 130, and 195 (see Fig. 2.1).
Elements of interest for representing r -process elements that have r -only isotopes include
Ge, Eu, and Pt. The explosive environment of the r -process does not directly depend on
the initial metallicity of the star, and therefore is primary (although stellar populations
that could be responsible for the r -process could depend on metallicity).
The abundance evolution for the r -process can be described by the set of differential
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Figure 2.3: An example r -process path (hatched region). Stable isotopes are given by
dots. The r -process path was calculated at a temperature of T = 109 K with a neutron
density of n = 1024 cm−3. The s-process path (black line) is shown for comparison
(taken from Seeger et al., 1965).
equations of the form,
dNA (Z)
dt
dt = −NnNA(Z)〈σν〉Z,A +NA+1(Z)λγ,A+1(Z), (2.16)
where Z is the elemental charge, λγ,A+1 is the photo-disintegration decay constant of
NA+1, and the remaining variables follow the convention of Equation 2.8. In between
waiting points, where thermal equilibrium is established, the final abundances are given
by the Saha equation for each isotope chain (e.g., Qian, 2003; Iliadis, 2007). Model-
ing the r -process can be done in principle, but requires knowledge of neutron capture
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Q-values, α and β decay rates, the branching ratios for neutron emission, normalized
partition functions, and fission probabilities (Iliadis, 2007). Unfortunately this informa-
tion is not experimentally accessible, as most of the nuclei on the r -process path are
highly unstable and cannot presently be produced in a laboratory. Hence, this process
does not enjoy the same success as s-process modeling. Note that uncertainties in the
r -process site and the key properties of it also contribute to this lack of success.
2.7.6 The i -Process
Another type of neutron capture process has been identified, with neutron densities
intermediate to the s- and r -processes. This i -process was first suggested by Cowan
and Rose (1977); Truran et al. (1978); Hillebrandt et al. (1981) and later observed
in massive star models by Rauscher et al. (2002) (who named it “n-process”). More
recently, it has been found in low metallicity AGB and SAGB models (Herwig et al.,
2011; Bertolli et al., 2013). This process is characterized by reaction flows that drive
the composition only slightly to the neutron-rich side of stability (∼ 1–6 mass numbers)
before β-decay, and can produce light r -process isotopes. It is not presently known
what contributions this process makes to the solar abundances.
2.7.7 p-Isotopes
Isotopes that lie on the proton-rich side of stability (p-isotopes) mostly cannot be made
by the s-process. There are a few proton rich isotopes that do either lie on the s-process
path or are sufficiently close to the path to have non-negligible contributions from s-
process branching points, for example, 108Cd, 94Mo, and 115Sn. This is likely dependent
on the specific modeling of the s-process, the specific treatment of branching points and
values used for the cross-sections. The majority of p-isotopes, however, cannot be made
by slow neutron capture; nor can they made by the r -process, since stable isotopes
“block” the decay path from unstable isotopes to them (e.g., Fig. 2.4). Two additional
processes are believed responsible for generating the observed p-isotopes.
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Figure 2.4: An example of proton-rich isotopes relative to the path of isotopic stability
and the r -process decay chains. Red: Proton-rich isotopes. Black: Stable isotopes
along the s-process path. White: Unstable isotopes (taken from Rauscher et al., 2013).
Note that a few of the branching points along the s-process path are shown at 79Se,
81Se, and 85Kr.
2.7.7.1 The νp-Process
The νp-process occurs in CCSNe environments, where high neutrino fluxes create proton
rich ejects via weak reactions with neutrons and protons (Fro¨hlich et al., 2006). Addi-
tional neutrino interactions with the left-over protons from α-rich freeze-out produce a
neutron abundance, which then undergo (n,p) strong reactions. The resulting protons
can then be captured allowing the synthesis of proton rich isotopes up to mass number
of A ' 100 (Fro¨hlich et al., 2006; Martinez-Pinedo et al., 2006). Since the evolution of
this process depends upon ν-interactions with free nucleons, it is independent of the
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initial star’s metallicity, and is considered a primary process.
2.7.7.2 The γ-Process
Proton-rich isotopes beyond mass number A ' 100 are believed to be created by the γ-
process, where successive photodisintegration events on pre-existing metals occur in the
interior layers of supernovae (Woosley and Howard, 1978; Rayet et al., 1990). The target
nuclei for such events are previously synthesized metals from the r - or s-processes. This
process generally begins with (γ,n) reactions moving the target nuclei to the proton rich
side of the stability line, where the rate of (γ,p) and (γ, α) start to dominate. Whereas
all p-isotope abundances are relatively small and do not dominate their respective ele-
mental abundances, they cannot be accounted for by s- or r -process production, and so
both of the p-isotope production processes discussed are required to provide a complete
galacto-chemical history.
2.8 Galactic Chemical Evolution
The metallicity-dependent isotopic scaling model discussed in Chapter 3 is similar to
Galactic Chemical Evolution (GCE) models in a few ways. For example, both give the
average isotopic ratios for the Galaxy as a function of metallicity. Note that there is
some dispersion of abundances at any given metallicity — the Galaxy is not homoge-
neous or well-mixed. The purpose between our scaling model and GCE, however, is
quite different, and some of the assumptions present in the scaling model, which are
sufficient for generating stellar simulation inputs, would be inadequate for describing
GCE. Therefore, it is important to give a brief overview of typical GCE models and
concepts so that distinctions between them and our scaling model can be discussed.
The purpose of GCE is to describe the chemical history of galaxies using observa-
tions of stellar abundances in order to investigate earlier epochs in the Universe, to
probe the mechanisms of galaxy formation, and to gain insight into stellar evolution by
constraining the stellar yields. The chemical evolution of a system can be described by
the following coupled equations (e.g., Tinsley, 1980; Pagel, 1997; Prantzos, 1998),
MT = Mg +Ms, (2.17)
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dMT
dt
= F − E, (2.18)
dMs
dt
= ψ − e, (2.19)
dMg
dt
= F − E + e− ψ, (2.20)
where MT is the total mass of the system composed of gas (Mg) and stars (Ms), the
rate of accretion and ejection of material from the the system is given by F and E, the
ejection rate of matter from stars is given by e, and the star formation rate (by mass) is
given by ψ. Equation 2.20 holds for each isotopic abundance i, and the rate of ejection
from stars takes the form,
ei =
mu∫
mt
ψ(t− τ(m)) · ϕ(m) · Yi(m)dm, (2.21)
where τ(m) is the lifetime of a star with mass m, the initial mass function (IMF) is
given by ϕ(m), and Yi(m) is the stellar yield of isotope i. The integral runs from the
mass of the lightest star dying at time t to the upper limit of the IMF, the latter being
effectively constrained by available yields (estimated or otherwise).
Typical GCE models integrate Equation 2.20 to obtain the isotopic abundances as
a function of time for some model composition. In principle, one could begin with a
BBN composition and numerically integrate Equation 2.20 across discrete time-steps,
while also computing the star ejecta integrals over a reasonable mass range. The results
would then depend on the resolution of both the time-steps and the grid of stellar model
abundances used. Indeed, after each time-step, one should run stellar models with the
present composition as the input, and then use the output stellar yields, Yi, to run
the next GCE step. These yields are functions not only of the initial stellar mass, but
also the star’s initial metallicity, which increases monotonically with ∆t (Wheeler et al.,
1989). Ideally, complete yields would be taken from stellar simulations, but in practice
the number of simulations needed even for a subset of the mass range (such as focusing
only on massive stars) across the all time-steps is prohibitive. Hence, many GCE models
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interpolate between a manageable number of stellar models to estimate the yields at dif-
ferent metallicities and masses. Despite this approximation, models have found success
in reproducing the solar abundance pattern (e.g., Timmes et al., 1995). Even successful
models, however, address only a subset of the total stable isotopes and astrophysical
processes that contribute to the chemical evolution. Not every astrophysical process
(e.g., the r -process) or dynamics of the environment (e.g., the accretion functions) are
well understood or known. Regardless of these difficulties, progress in GCE modeling
has grown more sophisticated with the inclusion of realistic galactic dynamics, with re-
cent attempts being made to incorporate hierarchical merger models (e.g., Calura and
Menci, 2009).
In a sense, every stable isotope is on equal footing in GCE models. Whereas some
contribute to the overall Galactic abundances more than others, describing the evolu-
tion of each is the salient purpose. Therefore, assumptions in the modeling process
that neglect easily destroyed isotopes (e.g., 3He or 6Li) are unfavorable; one can argue
that understanding the stellar processing of these isotopes is necessary to construct a
complete picture. In comparison, calculating an isotopic abundance pattern for use as
inputs into stellar models can more safely neglect these fragile isotopes, as they mostly
will not survive stellar processing to impact the final yields, and do not largely affect
stellar nucleosynthesis. In the following chapter, we address the details of our scaling
model.
Chapter 3
Isotopic Scaling Model
3.1 Introduction and Motivation
Yields from stellar simulations depend on the initial isotopic composition of the star.
For example, the initial composition is important during hydrostatic burning phases for
neutron capture reactions on initial metals, affecting odd-z nuclei abundances. In mas-
sive stars the weak s-process yields are constrained by both the initial CNO abundance,
which is responsible for providing a neutron source, and also the initial Fe abundance,
which supplies the seeds for neutron capture (Pignatari et al., 2010). The initial Fe abun-
dance is also important in intermediate and low-mass AGB stars for seeding the main
s-process yields (Ka¨ppeler et al., 1989; Lattanzio and Lugaro, 2005; Ka¨ppeler et al.,
2011b). The detailed stellar abundances affect the opacity of the star (e.g., Seaton,
1995), which in turn will affect the structure as well as mass and angular momentum
loss, changing the late stellar evolution.
Initial isotopic abundances are also important in the ν-process (Section 2.4.2). This
process is responsible for the synthesis of several p-isotopes through charged-particle
reactions such as 180Hf (νe, e
−)180 Ta and 138Ba (νe, e−)
138
La, as well as neutral current
interactions such as 181Ta (ν, ν ′n)180 Ta and 139La (ν, ν ′n)138 La. This process can also
contribute to lighter isotopic production, examples of which include, 20Ne (ν, ν ′n)19 F,
12C (ν, ν ′p)11 B, 20Ne (ν, ν ′p)19 Ne (β+)19 F, and 12C (ν, ν ′n)11 C(β+)11B. All parent nu-
clei involved in these lighter isotopic reactions are produced in a primary fashion in
the star, hence understanding the initial metal composition is less important in these
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cases. The heavy p-isotope production by this process, however, requires initial metals
to seed the reactions, therefore the initial isotopic distribution does affect the resulting
abundances for those cases.
Additionally, there are several reaction flows that synthesize p-isotopes from ex-
isting s- or r -process material in photo-disintegration (γ-process) events (Woosley and
Howard, 1978). The isotope 204Pb is entirely produced in the s-process, and can undergo
several (γ,n) reactions to yield the unstable isotope, 196Pb, which then β+ decays to
the p-isotope, 196Hg. This p-isotope can also be made more directly by (γ,n) reactions
from another s-process isotope, 198Hg. Additionally, 196Hg can be made from stable
isotopes created both by the s- and r -process, 199Hg and 200Hg. The several origins
for 196Hg production illustrate the importance of knowing the initial abundances of all
the potential parent isotopes, otherwise the final abundance for this p-isotope cannot
be reliably calculated.
Other parent nuclei that make p-isotopes by (γ,n) reactions include, 182,183,184W,
186,187,188Os, and 192,194Pt, which (through similar reactions) can yield the following
p-isotopes, 180W, 184Os, and 190Pt respectively. The situation becomes even more com-
plicated, however, since once synthesized, 190Pt can also make 184Os by (γ,n) reactions
followed by a β+decay. Likewise, 184Os can also synthesize 180W in the same fash-
ion. The conclusion is that not only are the initial abundances of the s- and r -process
parent nuclei important, but also the initial p-isotope abundances themselves, without
which one cannot hope to account for all the possible reactions that will affect the final
abundance pattern once the γ-process terminates. Moreover, additional reaction chains
are possible by introducing (γ, α) events accompanied with (γ,n) reactions, which can
also produce p-isotopes such as 144Sm from 152Gd, for example (Woosley et al., 1990).
Knowing the initial abundances of heavy isotopes is hence crucial for understanding
γ-process abundances, which use s- and r -process isotopes, and sometimes themselves,
as seeds (Rauscher et al., 2002; Arnould and Goriely, 2003). See Fig 3.1 for an example
of photo-disintegration reactions.
Finally, knowing the initial stellar composition is important since some fraction of
it is not processed and will return to the ISM unchanged, hence the final abundance
pattern will directly inherit any poorly estimated initial abundances. This is complicated
by the fact that, in many cases, what is made in the stars and what was there initially
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Figure 3.1: Example of photo-disintegration flows near heavy p-isotopes (double
squares). The circles labeled with elemental symbols represent all the stable isotopes
of that element. Arrows denote photo-neutron and photo-alpha reactions. The wavy
arrows denote β+ decay (taken from Woosley and Howard, 1978).
is difficult to disentangle.
Now it would be ideal to directly use stellar abundance observations to construct the
initial isotopic abundance pattern for stellar simulations. Unfortunately, observations
do not provide a complete elemental and isotopic history. Whereas elemental data does
exist across a reasonable metallicity range for very abundant elements, it is scarce or ab-
sent for most rare elements. Spectroscopy currently does not give elemental abundances
for all the elements for stars other than the Sun — except a few cases of light isotopes
and some molecular lines. Even if complete elemental observations became possible,
perhaps through improved instruments or observational techniques, one cannot simply
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take the average values at some metallicity and use it to derive isotopic abundances,
since it is unclear how to distribute elemental abundances into isotopic abundances at
every metallicity. In general, isotopic ratios are not a constant function of metallicity.
The majority of isotopic data is limited to measurements from meteorites and so-
lar spectroscopy, which gives us an abundance pattern for the solar system and Sun.
Samples that would yield isotopic information at lower metallicities would necessarily
originate from ouside the solar system, and are scarce on Earth. Instead, observers rely
on very limited spectral isotopic information for isotopic abundances at lower metal-
licities. There are some isotopic measurements that are known, such as the 12C/13C
and 6Li/7Li ratios (Shetrone et al., 1993; Prantzos, 2010a) or the 16O/17O ratio (Harris
et al., 1988), but the aggregate is small. In most cases, the isotopic ratios are simply
not known, and the few isotopic observations that do exist provide little information
beyond the iron peak (except in the solar neighborhood).
Barring observations, the next choice is to employ galactic chemical evolution mod-
eling to obtain the isotopic abundances to use for stellar simulation inputs. Modern
GCE models typically split a model galaxy into one or more zones that require func-
tional forms for infall and star formation rates (Timmes et al., 1995; Chiappini et al.,
1997; Costa et al., 2009; Henry et al., 2010). Other processes such as ISM mixing, and
galaxy mergers are often not addressed, although there have been fairly recent efforts
to incorporate mergers in a hierarchical model (Tumlinson, 2006). The model galaxy
is then typically evolved by integrating stellar yields over time, hence these models re-
quire nucleosynthesis yields from stellar simulations as inputs. The difficulty with this
approach is that in order to provide self-consistent nucleosynthesis yields, the stellar sim-
ulations need a complete initial set of isotopic abundances, because nuclear reactions
occur between isotopes, not elements.
Ideally, such a set would come directly from the GCE simulation itself. This would
require knowledge of the complete set of stellar yields for the specific abundances of the
GCE model at each time step and for each zone: the complicating factor is in reality
composition is not just a function of metallicity, but also a function of environment,
i.e., time and space. Instead, the inputs for the stellar simulations often use scaled
solar abundances or the results of some other approximation. Furthermore, most GCE
models usually evolve only a subset of the stable isotopes, such as just the iron peak
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isotopes (Henry et al., 2010) or everything from hydrogen up to the iron peak (Timmes
et al., 1995; Kobayashi et al., 2006), or only elements. An approach different than GCE
modeling to describe chemical abundances has been done recently by Ting et al. (2012).
They perform a principle component analysis on elemental data that takes correlations
among elemental ratios and roughly delineates different processes responsible for these
correlations, as well as identify likely sites and metallicity regimes congruent with them.
These efforts offer verification of the established paradigm concerning many astrophysi-
cal processes, and may help constrain others whose properties are not completely known.
In contrast to this principle component analysis, our model could be interpreted as a
“physical component analysis.”
The approach taken here is complementary to traditional GCE methods, however,
one must take care not to confuse our model with a proper GCE model. We construct an
astrophysical model of all stable isotopes, based on physical principles for the production
sites and mechanisms. Effectively, we scale isotopic abundances as a function of a
chosen model parameter. This isotopic model is then mapped to an elemental model
by summing the isotopic abundances to their respective elements. Next, we fit the
elemental abundances against available observational data to obtain numerical values
for the free parameters of the model. Our completed model then gives the average
isotopic history of the Galaxy, subject to the approximations employed. The benefit
of this approach is that it is not necessary to know or model dynamic and galactic
evolution processes employed in traditional GCE models such as infall, ISM mixing,
and galaxy mergers, whose uncertainties are poorly constrained.
Compared to full GCE calculations our approach is rather simplistic and approxi-
mate, precisely because we do not integrate stellar yields or address dynamic and galac-
tic evolution processes employed in traditional GCE models, and we assume a unique
and typical abundance distribution for a given metallicity rather than allowing for a
spread in distribution as found in nature. The intention here is to improve upon the
typical standard of scaling isotopic solar abundances by a constant factor, which effec-
tively treats all isotopic production as primary. Our improvements to this standard is
to incorporate secondary processes and Type Ia contributions with separate scalings, to
better approximate their relative values at desired input metallicities for nucleosynthesis
studies, and the resulting isotopic histories from our model can be used both as inputs
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in stellar models, and for comparison to abundances from other sources like damped
Lyman-α systems and dwarf galaxies. This model is an improvement over the previ-
ous standard of guessing ad-hoc assumptions for the interpolation between the known
endpoints of solar and BBN, or the use of scaled solar abundances. This could also be
seen as a first iteration step for more sophisticated first principle GCE models, but at a
higher order approximation than just scaled solar abundances, but not a replacement for
them. Hence, whereas the approximations and comparisons of our model are sufficient
for this purpose, they would be quite unsatisfactory for describing GCE itself.
The first task is to evaluate the contribution from each astrophysical process to
the isotopic solar abundance pattern, which is explained in Section 3.2. In Section 3.3,
the model itself is introduced and the scaling of the processes as a function of our
parametrization is given, using the relative solar contributions and the BBN abundance
pattern as fixed boundary conditions. This also defines the relevant free parameters for
fitting the elemental abundances to stellar data. In Section 3.4, the elemental model is fit
to available data and the best fit parameter values are found. In Section 3.5, the resulting
elemental model is discussed along with additional results given by the isotopic model.
Section 3.6 addresses the constraints of the model and discusses possible extensions for
future work.
3.2 Solar Abundance Decomposition
This model attempts to cover the essential key astrophysical processes responsible for the
production of the isotopes in the Galaxy (discussed in Chapter 2). First, these processes
are used to decompose the solar system abundances. The isotopic solar abundance
pattern was taken from a new data set by Lodders (2010) which gives updated values
relative to their 2003 publication (Lodders, 2003). In the following, the decomposition
is explained, and the processes are organized roughly by the mass range of isotopes to
which they contribute.
3.2.1 Big-Bang Nucleosynthesis
A theoretical BBN abundance pattern from Cyburt et al. (2001) and provided by Fie
(2002) was used for the zero metallicity boundary condition. Isotopic contributions from
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this BBN pattern are taken for 1H, 2H, 3He, 4He, and 7Li. The remaining negligible
contributions of 6Li and the isotopes heavier than 7Li were not used. A constant 7Li
abundance at low metallicities has been observed that suggests a primordial abundance,
but whose value is much smaller than the predicted BBN abundance (Spite and Spite,
1982). This “Spite plateau” is still a mystery (Cyburt et al., 2008; see also for recent
efforts: Mele´ndez et al., 2010a,b,c), hence the present model uses the theoretical BBN
abundance for 7Li.
3.2.2 Light Isotopes
The remaining helium not made during BBN is a product of hydrogen burning and is
assigned to evolve as a primary process. The “release time scale” of helium can vary
depending on the stellar mass, and relative to metallicity it may evolve slightly slower
than a true primary process (the same is true for C and N). This delay is not accounted
for in the present work.
This model addresses the primary “light” ν-process but does not distinguish between
the “heavy” ν-process and γ-process contributions, since the latter two both contribute
to isotopes in a similar mass range and with a similar metallicity dependence. Here-
after, the ν-process shall stand for the “light” ν-process, and the γ-process includes
the “heavy” ν-process contributions. This model does, however, distinguish between
primary and secondary GCR spallation events.
Identifying the precise (non-BBN) Li, Be, and B contributions presents a challenge.
At present, there is no consensus for explaining the solar abundance pattern for the
isotopes of these elements using the processes that could be responsible. Due to the dif-
ficulty in determining what fraction each actually contributes to the light isotope solar
abundance pattern, novae, the ν-process, and primary GCR spallation are placed into a
single category due to their shared primary nature, hence we scale the abundances from
these processes identically. Standard GCR spallation is treated separately since it is sec-
ondary. The relative solar abundance decomposition between novae/ν-process/primary
GCR spallation and secondary GCR spallation for 6,7Li, 9Be, and 10,11B is estimated
from Prantzos (2012). Both Li isotopes are given ≈ 30 % secondary contributions, and
the 9Be, and 10,11B isotopes are given 25 % secondary contributions. The remaining
non-BBN contributions for all LiBeB isotopes are assigned the novae/ν-process/primary
48
GCR spallation category. Note the decomposition for these light isotopes are at best
known to within ≈ 5 % (Pra, 2013).
The onset delay of classical novae is not addressed in this model. Novae contributions
beyond 7Li are taken to be negligible compared to massive star contributions. This
approximation holds well for CNO isotopes that have large contributions from massive
stars, but for isotopes such as 19F the approximation is less than ideal. In fact, it
believed that 19F may also be produced by the ν-process in CCSNe (Woosley and
Haxton, 1988), during hydrostatic nucleosynthesis in He shell of thermally pulsating
AGB stars (Forestini et al., 1992), and in the He core of heavy mass loss Wolf-Rayet
stars (Meynet and Arnould, 2000). The decomposition from these sources is still a
matter of debate (Abia et al., 2010, and references therein), and this complication is
beyond the scope of the current model.
3.2.3 Low and Intermediate-Mass Stars
Stellar winds from low and intermediate-mass stars are rich in C and N isotopes (Arnould
et al., 2003), and provide significant contributions to the solar abundances for these iso-
topes. As previously mentioned in Chapter 2, fitting the contributions from these sources
to data is problematic, since contamination from massive stars is always present and
difficult to separate. This model does not independently address stellar wind contribu-
tions and instead combines them with contributions from massive stars, both of which
are primary processes.
3.2.4 Intermediate-Mass and Iron Group Isotopes
Decomposing the abundances in the intermediate-mass range involves fitting contribu-
tions from massive stars and Type Ia SNe. Yields for Type Ia supernovae were taken
from the W7 model (Nomoto et al., 1997) for isotopes with mass numbers 12 ≤ A ≤ 56.
The category of “massive star contributions” is defined in this context to be the collec-
tion of all primary isotopic production with mass numbers 12 ≤ A ≤ 68 not attributed
to Type Ia SNe. This includes all isotopic enrichment to the ISM driven by massive star
stellar winds and production from CCSNe, the r -process, the ν-process, novae yields,
and stellar winds from low and intermediate-mass stars, with production from CCSNe
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dominating the isotopic abundances in this category. The solar contributions from mas-
sive stars were taken from the yields of a Population III (PopIII; stars that have a BBN
initial composition) massive star simulation (Heger and Woosley, 2010) fitted to stars in
the range −3.1 ≤ [Fe/H] ≤ −2.9 taken from the Frebel data set (Frebel, 2010). We use
the common definition: [X] ≡ Log(X/X). Note that the “iron metallicity” (relative to
solar), [Fe/H], should be distinguished from the “total metallicity”, [Z]: The former is
a conventional proxy for the latter. The simulation included stars in the mass range
10 − 100 M, with a Salpeter initial mass function (IMF) and a low mixing of 0.02512
(Joggerst et al., 2008) employed in a running boxcar method (Heger and Woosley, 2010).
The explosion energy of the supernovae was set to be E = 1.2 B, where 1 B = 1051 erg.
The fit of the yields to the Frebel (2010) data set gave a χ value of 2.218 (for fitting
procedure see, Heger and Woosley, 2010), and is shown in Fig 3.2. Many elements are
fitted to within their uncertainties, however, exceptions include N and Al, which have
fits over two standard deviations away from the data. Whereas it would be ideal to fit
all elements of interest to within their uncertainties, these results will later be subject
to scalings (discussed below), which are needed to fit to the solar abundances, and will
thus change to some degree anyway. We are confident that our effort here is reason-
able, given the extensive mass range of models considered and large data compilation
used, but acknowledge that future improvements are possible. The heavier massive star
contributions for mass numbers 57 ≤ A ≤ 68 were not taken from the PopIII simulation
(Heger and Woosley, 2010), and were instead calculated as residuals from the main and
weak s-processes, discussed below in Section 3.2.5.
Under the assumption that Type Ia are responsible for some fraction f of the ob-
served solar 56Fe abundance, each W7 yield was scaled by this factor: f · X56/X Ia56 ,
where X56 is the solar abundance of
56Fe, and X Ia56 is the W7 yield for
56Fe. This shifts
the entire Type Ia SNe abundance pattern (preserving ratios) until the yield for 56Fe
is equal to f · X56. The fraction f represents a free parameter in the model, which is
determined by fitting the elemental scalings against available data (in Section 3.4). The
massive star yields were scaled to the remaining contribution to solar 56Fe not accounted
for by Type Ia. This factor is given as: (1 − f) · X56/Xmassive56 , where Xmassive56 is the
massive star yield for 56Fe.
An additional scaling of both types of SNe data in the range 12 ≤ A ≤ 56 was then
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Figure 3.2: The fits of the CCSNe yields from Heger and Woosley (2010) to the Frebel
(2010) data set. Circles: the elemental averaged data values with uncertainties. Tri-
angles: the fit values from the massive star simulation. Hollow Circles: elemental data
ignored in the fit. Hollow Triangles: elements fitted only to the data as upper bounds.
required to ensure that the massive star and Type Ia contributions summed to the
solar abundance for every isotope, since the first scaling using f would only guarantee
that 56Fe satisfied this requirement. This additional scaling preserved the ratio of each
isotopic contribution between the W7 and massive star yields,
Xmassivei ,f =
(
Xi
Xmassivei ,0 + X
Ia
i ,0
)
Xmassivei ,0 , (3.1)
X Iai ,f =
(
Xi
Xmassivei ,0 + X
Ia
i ,0
)
X Iai ,0, (3.2)
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where Xi ,0, Xi ,f are the original and (scaled) fitted abundances of isotope i, for either
the massive or Type Ia contributions (identified with superscripts), and Xi is the solar
abundance of isotope i. For clarity of presentation, this procedure has been explained
using two successive scalings, but in practice this can be done with a single scaling that
achieves both. This second scaling preserves the isotopic ratios across each model, but
the ratios within each model undergo some distortion. That is, the overall abundance
patterns of the W7 and massive star simulations are altered. Nevertheless, the final
abundance patterns we use still show Type Ia contributing mostly to the Fe peak, and
massive stars contributing to CNO and α-elements up to the Fe peak. The abundance
patterns from both sets of SNe data before and after scalings are shown in Figs. 3.3
and 3.4. As discussed in Section 2.6.4, there are different possible Type Ia progenitor
scenarios, which may produce yields quite different than the W7 model used here. Due
to the uncertainties in the status of Type Ia progenitors, we do not presently attempt
to account for this, and revisions are left for future work.
The use of the solar metallicity W7 model is approximate. In our Galaxy, large
contributions to the SN Ia yields may come from sub-solar progenitors. The exact
nature and properties of these sources, however, are still uncertain (e.g., Timmes et al.,
2003; Bours et al., 2013), and given these uncertainties, the inclusion of the W7 yields,
while not a complete description, is also not unreasonable. To investigate the impact
of this approximation, we also computed the solar abundance decomposition for the
massive stars and Type Ia using a composition between that of the W7 and W70 (zero
metallicity) models to estimate a sub-solar composition. We then compared the ratios
of the isotopes between 12C and 56Fe from our original decomposition to this new one.
Of the 53 isotopes in this range, 45 have ratios of the new abundance (W70) over the
old abundance (W7) that are within 2.0. Of the 8 that remain, the largest differences
are 40K, which now has a nonzero abundance, and 15N, 41K, 43Ca, and 47Ti, which have
ratios of ≈ 300, 15, 40, and 20, respectively (the others have ratios within 5). This does
present non-trivial corrections to the solar abundance decomposition, but except for a
few isotopes, the changes are quite minor (within a factor of 2). It is unlikely that these
changes would noticeably impact the fittings to data we perform later.
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Figure 3.3: The CCSNe yields from Heger and Woosley (2010) fitted to Frebel (2010),
and scaled to a nominal value of (56Femassive/
56Fe) = 0.3. Shown are the yields before
(Triangles) and after (Squares) fitting with the W7 data.
3.2.5 Heavy Isotopes
3.2.5.1 Weak s-Process
Modeling the weak s-process has been less successful than models for the main compo-
nent (Pignatari et al., 2010). Since flow equilibrium is not reached during the neutron
exposure, uncertainties in the neutron capture cross-sections affect the yields of all sub-
sequent isotopes (Heil et al., 2007). We need to reproduce the solar system abundances
of the s-only isotopes for both the main and weak components. The weak s-process
has 6 s-only isotopes, 70Ge, 76Se, 80Kr, 82Kr, 86Sr, and 87Sr that owe their solar abun-
dances to both the main and weak components (Raiteri et al., 1993), and the relative
53
Figure 3.4: The Type Ia SNe yields from Nomoto et al. (1997), scaled to a nominal value
of (56FeIa/
56Fe) = 0.7. Shown are the yields before (Triangles) and after (Squares)
fitting with the CCSNe data.
contributions from each represent a poorly known a priori constraint. Additionally,
recent stellar model calculations for the weak s-process have difficulties in both produc-
ing sufficient s-only isotopic yields without at the same time overproducing many other
isotopes beyond their solar abundances (Pignatari et al., 2010).
For the purposes of making a reasonable assessment of the weak s-process contribu-
tions to the solar system abundances, a calculation is performed using the updated on-
line Maxwellian-averaged cross-sections (MACs) compilation from the KADoNIS project
(www.kadonis.org, Dillmann et al., 2009). The branching points addressed in the cal-
culation that lie along the weak s-process path are the unstable nuclei 64Cu and 80Br,
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with corresponding β+ and β− thermal branching ratios that were taken from Taka-
hashi and Yokoi (1987). The branching point at 79Se was ignored, and was taken by
β− decay to 79Br prior to any neutron capture (which would give a 80Se population).
This approximation is due to the high temperature dependence of the β− decay rate
of 79Se (Walter et al., 1986; Heil et al., 2008; Makinaga et al., 2009). The isotope 93Zr
was treated as stable for this calculation, since the thermal β− decay branching ratio is
small relative to neutron capture rate (Takahashi and Yokoi, 1987). After the neutron
exposure ended, the remaining 93Zr abundance was taken to 93Nb. The 85Rb branching
was omitted and it was assumed to entirely β− decay to 86Sr, again because the neutron
capture branching ratio is negligible (Takahashi and Yokoi, 1987).
The differential equations for the weak s-process abundances under the classical
approximation (Ka¨ppeler et al., 2011b) were solved numerically. The set of differential
equations (see, Equation 2.12) can be written in vector form as,
dX
dτ
= A ·X, (3.3)
where X is a vector of the isotopic abundances, X = (XFe56,XFe57, . . . ,XRu101), τ is the
neutron exposure, and A is the matrix of Maxwellian-averaged neutron capture cross-
sections and branching ratios for beta decay, with components Aij = −σi for i = j ,
with Ai ,j−1 = +σi , Ai+1,j = σiβi , and Ai+2,j = σi(1 − βi), where βi is the beta decay
branching ratio for isotope i at branching points (where applicable). Note (1 − βi) is
the β+ branching ratio, and all other elements in the sparse matrix A are zero.
In solving this system, a continuous neutron exposure distribution was not assumed.
Instead, different values for single exposures were used. A linear combination of the
yields from different single neutron exposures was sought that best fits the abundances
of the s-only isotopes in the weak s-process range. In addition, to ensure that the sum of
s-only isotopes for the weak and main components were not overproduced with respect
to solar, the abundances to which the s-only isotopes were fit were taken as the residuals
of the main s-process yields subtracted from the solar abundances. In addition, 15 % of
the solar 80Kr and 3 % of the solar 82Kr were attributed to the νp-process (Ka¨ppeler
et al., 1989; Pignatari et al., 2010) and likewise subtracted.
We found linear combination of five neutron exposures that reproduces the desired
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s-only isotopic abundance residuals for 70Ge, 80Kr, and 86Sr. The resulting abun-
dances are shown in Fig. 3.5. The remaining s-only isotopes, 76Se, 82Kr, and 87Sr
were under-produced. The only resulting overproductions were for 65Cu and 89Y.
The neutron exposures were found to be: 0.2, 0.25, 0.3, 0.35, and 0.4 mb−1. The respec-
tive coefficients the abundances from each of these exposures were weighted by were:
1.5, 0.2, 0.4, 0.6, and 0.7. The attempt here was to fit as many s-only isotopes to their
residuals without generating overproductions, and using the numerical prescription em-
ployed, it was not possible to fit all s-only isotopes without causing additional isotopic
over-abundances. The overproductions of 65Cu and 89Y as well as the underproductions
of 76Se, 82Kr, and 87Sr were scaled with the main s-process abundances, to fit with the
solar abundances. This scaling was equivalent to the scaling done for massive stars and
Type Ia yields: the isotopic ratios were preserved.
Figure 3.5: The calculated weak s-process contributions to the solar abundance pattern.
Red boxes: s-only isotopes. Black ×’s: isotopes with contributions from the r - and s-
processes. The yields for the s-only isotopes 70Ge, 80Kr, and 86Sr are reproduced well,
with underproductions for 76Se, 82Kr, and 87Sr. The only overproductions were for the
non s-only isotopes 65Cu and 89Y.
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In addition to producing isotopes along the path of stability, there is indication that
the weak s-process component in massive stars is responsible for seeding a non-negligible
p-isotopic production component. The massive star yields from Rauscher et al. (2002)
show significant isotopic productions for 74Se, 78Kr, and 84Sr, which cannot be accounted
for by the νp-process (since their stellar models include weak s-process and γ-process
reactions, but do not include the νp-process). A possible mechanism for producing
these p-isotopes are γ-process reactions on weak s-process seeds, where the weak s-
process would enhance the abundances of unstable proton-rich isotopes, which would
then undergo photo-distintegration events to give stable p-isotopes. The scaling of these
p-isotopic yields should thus track the weak s-process, rather than the traditional γ-
process (as far as its dependence on metallicity), since the abundances are made in
situ from existing weak s-process seeds. It is unclear exactly how much this weak s-
process enhanced p-process (WSEP) should contribute to the solar 74Se, 78Kr, and 84Sr
abundances. It was decided to attribute half of the solar abundances to each the WSEP
isotopes and the νp-process for these three p-isotopes.
The uncertainties in our calculation are constrained by the errors of the MACs
given in the compilation from the KADoNIS project (Dillmann et al., 2009), and vary
by isotope. These uncertainties were not propagated through the equations, since the
treatment of the weak s-process is only approximate.
3.2.5.2 Main s-Process
The main s-process contributions to the solar abundance pattern were taken from Bis
(2011), and these yields were re-normalized to the Lodders (2010) abundances. Many
of the s-isotopes with mass numbers A ≥ 88 were consistent with their solar values,
however, some were under-produced. The s-only isotopes under-produced by less than
0.1 dex below their solar abundance were considered to be within acceptable limits, given
uncertainties in modeling, observations, etc., and were re-assigned to be their nominal
solar values. This cutoff at 0.1 dex is admittedly somewhat arbitrary. The uncertainties
in neutron capture cross-sections and modeling of the AGB stars introduces error, yet
remarkably so many s-only isotopes are reproduced by Bis (2011) to within 25% ('
0.1 dex) of their solar values. This choice of cutoff value acknowledges the existence of
errors that are often difficult to enumerate, while assuming that since so many s-only
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isotopes are reproduced close to their solar values, the model is likely reliable.
The resulting abundance pattern is given in Fig. 3.6. Below a mass number of
A = 88, the s-only isotopes show an explicit drop in their production, and the weak
s-process has to contribute in this region to reproduce the needed solar abundances.
For mass numbers above A = 88, three s-only isotopes are under-produced by more
than 0.1 dex (Bis, 2011): 152Gd, 187Os, and 192Pt. The residual abundances of these
three isotopes are attributed to the γ-process. This treatment of the residuals is very
approximate, and while 152Gd and 192Pt lie on the proton-rich side of the stability line,
187Os is preceded by the more proton rich 184Os and 186Os, both of which would be more
likely candidates for γ-process enrichment. The contribution of 152Gd to elemental Gd
is only ∼0.2 %, hence relatively little γ-process enrichment is needed to populate the
residual abundance. The isotope 192Pt contributes ∼0.79 % to elemental Pt, however,
the p-isotope 190Pt contributes even less at ∼0.01 %, so it is unlikely that a residual
abundance from the γ-process would populate the needed ∼0.7 % 192Pt without also
raising the abundance of the more rare 190Pt.
Since the main s-process produces three characteristic peaks at closed neutron shells,
the abundances were divided into ls, hs, and “strong” components. The ls component
was taken to be all abundances from Fig. 3 up to and including Sr, the hs component
was taken to be all abundances after Sr and up to Pb. The strong component was
assigned to Pb and Bi isotopes. Using the solar main s-process abundances given in
Fig. 3.6 as a starting point, we scaled the ls, hs, and “strong” components separately
due to the different neutron exposures required for their production.
We shall continue to refer to Pb and Bi s-process contributions as coming from the
“strong” component, since they are evolved distinctly from the hs and ls parts of the
main s-process, but it should be noted this is a convention introduced for clarity, and
the strong s-process is indeed the low metallicity regime of the main s-process, having
a distinctly stronger neutron-to-seed ratio.
3.2.5.3 r-Process
The r -process solar abundance contributions were determined using the residual method,
in the mass range 69 ≤ A ≤ 238. This method is often used since s-process modeling
is more successful. Essentially, all solar abundances not accounted for by the s-process
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Figure 3.6: Adopted main s-process abundances from Bis, 2011, relative to the solar
abundance pattern. Red Boxes: s-only isotopes. Black ×’s: isotopes with contributions
from the r - and s-processes. Under-produced s-only isotopes that fell within 0.1 dex
(dashed line) below their solar abundance were assumed to be their nominal solar values.
are allocated to the r -process, for the isotopes whose origins are from both,
Xi,r = Xi, −Xi,s, (3.4)
where Xi,r is the r -process abundance of isotope i, and similarly for the s-process and
solar abundance. As previously stated, the r -process contributions in the lower mass
range 56 ≤ A ≤ 68 were not differentiated from the “massive star category.” This choice
was made to facilitate the decomposition of the solar abundance pattern in this range,
where both CCSNe yields (from α-rich freeze-out, the α-process, and previous nuclear
burning) and r -process yields contribute to abundances as primary processes, and are
difficult to parse.
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3.2.5.4 p-Isotopes
Similar to the main and weak components of the s-process, there is an expected transi-
tion region between the νp-process and γ-process. A calculation of νp-process yields for
a 15 M star was performed by Thielemann et al. (2010). Their results show sufficient
production of Mo and Ru isotopes relative to their solar abundances, which is much
needed due to well known deficiencies in the γ-process production of these isotopes.
From their results, the νp-process yields are shown to decrease quite rapidly beyond
mass number A = 100. This suggests that the region of overlap is fairly abrupt, with
only 102Pd beyond a peak at 98Ru owing a non-negligible fraction of its abundance to
the γ-process.
A more complete analysis perhaps using a grid of stellar masses, in order to deter-
mine the distribution in the transition region, would likely offer only minor corrections
to the final elemental scalings. The complete isotopic decomposition for the solar abun-
dance pattern is shown in Table B.2 of Appendix B and can be used for future isotopic
reference. Charts for all stable isotopes, showing the contributions from all astrophysical
processes considered, is given in Appendix C.
3.3 Model Description
Our simple model tries to describe a typical average galactic composition, where the
initial state is a homogeneous BBN composition. The final state is taken as a homo-
geneous composition equivalent to the isotopic solar abundance pattern. Each process
responsible for isotopic production (and depletion for the case of D and 3He) is assumed
to enrich (deplete) our model galaxy under the instantaneous mixing approximation,
to preserve homogeneity across the entire metallicity range considered. Each isotope
from our decomposition of the solar abundance pattern is scaled as a function of a
chosen normalized dimensionless parameter ξ. At ξ=0 the galaxy is in the BBN com-
position, and at ξ=1 the galaxy has the solar composition. The benefit of this choice
of parametrization is that its range is congruent with the total metallicity (relative to
solar), Z/Z. A comparison between ξ and Z/Z is shown in Section 3.5. This choice
of parameter motivates choosing functional forms for the scalings of each process by
addressing the predicted dependence on total metallicity these processes would obey.
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Note that this comparison should not be interpreted as a physical condition imposed
upon this parameter. Indeed the parameter ξ is not a physical quantity, rather it is a
technical parameter that takes continuous values in the approximate range [0,3] (our
range extends beyond solar metallicities), and is chosen to closely approximate Z for
ease of discussion. Hence, we assume the relation between ξ and Z/Z to be log(ξ)≈[Z].
This ansatz is checked later in Section 3.5.
The parametrization of our model is an attempt to scale the isotopic abundances
characterized by typical trends in our Galaxy. For consistency we do not directly use
metallicity as the argument of the scaling functions; indeed metallicity is an output of the
model, and hence cannot be used as an input. In practice, normalized metallicity Z/Z
tracks ξ, see Fig. 3.15, with deviations less than 0.4 dex for log(ξ)≥ −3. Whereas our
model is not a traditional GCE model that uses scaled stellar yields, our parametrization
allows us to improve upon the standard of scaling solar abundances by a constant factor,
for use in nucleosynthesis studies. In the following we address the functional form for
each process described in Section 3.2.
3.3.1 Massive Stars
The results of massive star simulations for Population III stars (discussed previously
in Section 3.2.4), in addition to being used to compute the solar abundance decompo-
sition, are also used to model the isotopic abundance pattern for 12 ≤ A ≤ 68 at a low
metallicity of [Fe/H] = −3. The abundances from this simulation were normalized to
the 56Fe abundance at [Fe/H] = −3, under assumption that Type Ia contributions to
56Fe are negligible at this metallicity, hence each abundance was multiplied by the fac-
tor, 56Fe/Xsimi , where X
sim
i is the abundance of isotope i from the PopIII simulation.
These normalized abundances represent a third fixed point for the massive star isotope
abundances (in addition to the solar abundances and BBN abundances). Then the
massive abundances were interpolated linearly in log-space between their solar values
(found in Section 3.2.4) and their respective abundances given by the normalized PopIII
simulation. That is, for each isotope the abundances were scaled according to,
log (X∗i (ξ)) = mi (log (ξ)− log (ξlow)) + log
(
Xsimi
)
, (3.5)
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where X∗i (ξ) is the massive abundance of isotope i as a function of the model parameter,
and log (ξlow) = −2.5 (corresponding to a metallicity of [Fe/H] = −3). The slope is
defined as, mi ≡
(
log
(
Xmassivei,f
)
− log (Xsimi )) / (log (ξ)− log (ξlow)), where Xmassivei,f
is the massive star contribution to the solar abundance (found in Equation 3.1), and
log (ξ) = 0 by definition. The interpolation given in Equation 3.5 is extrapolated in
both directions from [Fe/H] = −3 to the BBN abundances (zero for these isotopes) and
from [Fe/H] = 0 to super-solar values, which gives massive abundances for these isotopes
across the entire metallicity range considered.
As mentioned above, the parameter ξ takes a value of log(ξ) = −2.5 at [Fe/H] = −3.
The reasoning behind this choice is as follows. At solar metallicity, massive stars are
responsible for roughly 30 % of the total iron, but nearly 100 % of the alpha isotopes.
So then [Fe]massive = −0.5, and [α]massive = 0. At lowest metallicities, alpha isotopes
effectively comprise the aggregate of metals by mass, since secondary sources and Type
Ia SNe do not provide enrichment until later. Hence [Z] ' [α]massive holds in low
metallicity regimes and will trail [Fe/H] by a nearly constant 0.5 dex until Type Ia
onset. We then use our model parameter ξ in place of Z/Z. This comparison between
ξ and [Fe/H] is approximate, and relies on the normalized metallicity Z/Z tracking ξ,
see Fig. 3.15.
3.3.2 Type Ia Supernovae
There are three constraints for choosing a parametrization for Type Ia isotopes as a
function of ξ. First, Type Ia contributions experience a delay before they begin to en-
rich the ISM. This is due to the time necessary for, in the accreting white dwarf model,
an intermediate to low mass star to evolve through its main sequences and then accrete
sufficient material to surpass the Chandrasekhar mass limit. In the meanwhile, massive
stars continue to enrich the ISM, making the galaxy more metal rich. The metallicity at
which Type Ia are able to begin contributing to ISM enrichment is typically constrained
to the interval −2 < [Fe/H] < −1 depending on environment, galaxy size, etc., but is
usually favored towards the upper bound. The time delay of Type Ia SNe is dependent
on progenitor model, and a combination of single and double degenerate channels may
be required to match observations (see, for e.g., observations: Totani et al., 2008; fitting
to progenitor models: Mennekens et al., 2010). Moreover, the delay may be somewhat
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dependent on metallicity as well, as lower metallicity stars could make more massive
WDs due to decreased mass loss (Kistler et al., 2013). Nevertheless, Type Ia contribu-
tions should be negligible below some value of ξ. Second, upon crossing the Type Ia
onset value, contributions should gradually rise to their solar values. Third, at high ξ the
scalings should behave essentially like a primary process. Note that this last constraint is
an assumption of our model and could be true only for a flat star formation rate (SFR).
In fact, investigation into Type Ia progenitors by Mannucci et al. (2006) predicts that
the ratio of CCSNe to Type Ia rates to be increasing with redshift, a conclusion reached
by posing a two component delay time distribution (DTD) progenitor model. If indeed
there exists a Type Ia progenitor that operates at low redshifts and experiences a longer
delay between the formation of the WD and the later Type Ia explosion (named ‘tardy’
by Mannucci et al., 2006), a larger number of CCSNe relative to number of CCSNe at
the birth of the WD contaminate the ISM, thus increasing the metallicity at a faster
rate than it was increasing at the birth of the WD. Hence, once the Type Ia SNe do
explode, their products would have a metallicity dependence different than linear, due
to this increasing rate ratio of CCSNe to SNe Type Ia. We are careful to note that it is
unclear exactly how a non-flat SFR would impact our scaling for Type Ia SNe, since the
above discussion relies on time, and a relation between our model parameter and time
cannot be formed. We simply note that there may indeed be an effect. The analogy
presented above with respect to flat SFRs serves to construct a rough behavior of Type
Ia abundances, and does not mean to attach the physical quantity of time to our model
parameter. Furthermore, Type Ia onset may not occur at one unique metallicity, there
may be a spread — in how far the different environments have evolved in terms of Z
(and O as its main tracer) — when Type Ia sets in. Hence, the corresponding parameter
value ξ for Ia onset is not unique for all constituents, but rather just a typical average
that fits the different environments that we sample as function of it.
One specific form which satisfies all three constraints discussed is given, e.g., by a
scaled and shifted hyperbolic tangent base function,
X Iai (ξ) = X
Ia
i , · ξ · [tanh(a · ξ − b) + tanh(b)]/[tanh(a − b) + tanh(b)]. (3.6)
The specific value for Type Ia onset is determined by fitting the free parameters, a and
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b, against available data. Note the hyperbolic tangent function is tempered with a linear
factor of ξ to ensure the behavior is linear near solar, where otherwise the tanh(x) func-
tion would asymptote. Note further that whereas this function is phenomenologically
motivated it is not unique. The arctan(x) and erf(x) also satisfy the above constraints,
however, the erf(x) is more computationally expensive than the arctan(x) and tanh(x)
functions.
3.3.3 Neutron Capture and p-Isotopes
The main s-process (ls, hs, and “strong” components), weak s-process, r -process, νp-
process, and γ-process contributions are parametrized as follows,
X strongi (ξ) = X
strong
i , · [tanh(d · ξ + g) + tanh(g)]/[tanh(d + g) + tanh(g)], (3.7)
X lsi (ξ) = X
ls
i, · ξl, (3.8)
Xhsi (ξ) = X
hs
i, · ξh, (3.9)
Xwsi (ξ) = X
ws
i, · ξw, (3.10)
Xri (ξ) = X
r
i, · ξp, (3.11)
Xνpi (ξ) = X
νp
i, · ξp, (3.12)
Xγi (ξ) = X
γ
i, · ξ
h+p
2
+1, (3.13)
The free parameters p and h denotes the exponent of the ξ-dependence for primary and
secondary (hs) processes, respectively. The weak component of the s-process was given
its own parameter w. The motivation for choosing a power law dependence on these
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parameters lies in the relations between abundance and metallicity for primary and sec-
ondary events, namely that primary events produce abundances linear in metallicity, and
secondary produce abundances quadratic in metallicity. The chosen model parameter ξ
takes the place of total metallicity (as discussed in the beginning of this section), and
the exponents are parametrized for fitting with data. The metallicity dependence for
the γ-process is less clear. It is possible for the target nuclei for this process to be either
secondary or primary in origin, and produced in a previous astrophysical environment
by the s- or r -process. Hence, photo-disintegration events can potentially be a tertiary
process. All γ-process isotopes have low (≤1-10 %) contributions to their respective
elemental abundances, hence we chose not to assign a separate free parameter for this
process, since the fit to data would likely be poorly constrained. Instead a compromise
was struck between the possible s- or r -process origins and the chosen exponent for the
γ-process represents an equal primary and secondary seed; about half the metals which
might be target nuclei for this process are created by the s-process, and the other half
from the r -process. Note that the proposed γ-process abundances enhanced from weak
s-process seeds in the WSEP process (discussed at the end of Section 3.2.5.1) are scaled
the same as the weak s-process, not as γ-process yields.
The choice for the “strong” s-process function is motivated phenomenologically.
At low metallicities ([Fe/H] . −2.0), essentially all of the solar abundances for the
“strong” s-process have been made. Hence the abundances should be close to constant
between −2.0 . [Fe/H] . 0. Additionally, since AGB stars experience a time delay in
their contributions, at some point below [Fe/H] . −2.0 the abundances drop smoothly,
hitting zero at some unknown, low metallicity. The free parameters d and g are used to
adjust the shape of the hyperbolic tangent function, and constrain the peak abundance
achieved at low metallicity and the metallicity at which the abundances begin to drop
to zero.
3.3.4 Hydrogen Burning, Classical Novae, ν-Process, and Galactic
Cosmic Ray Spallation
The scaling of secondary GCR spallation abundances has the same functional form
as the s-process scaling. Novae, primary GCR spallation, νp-process, deuterium, and
helium (from hydrogen burning) abundances were scaled the same as the r -process, but
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with an offset added to reflect BBN abundances at ξ = 0. The remaining isotope of
hydrogen, 1H, was scaled according to,
XHi (ξ) = X
H
i, · [1.0− ξ · Z − Y (ξ)−D(ξ)], (3.14)
where Y (ξ) is the mass fraction of the helium isotopes, D(ξ) is the mass fraction of
deuterium, and Z is the solar value of total metallicity, given as Z=0.0153 (Lodders,
2010). Effectively, this scaling is simply a restatement of the sum of mass fractions,
X + Y + Z = 1.
3.4 Fitting Scaling Model to Observational Data
The isotopic scaling functions were summed into elemental scaling functions for the pur-
pose of fitting the free parameters. An example of this algorithm is given in Appendix A.
Two compilations of stellar abundance data were used for the fitting. The Frebel (2010)
low metallicity data set contains over 1000 stars from the Milky Way (MW) halo and
dwarf galaxies. Note that this set is a compilation from various sources and there is
hence an unknown source of varying systematic errors. Nevertheless, the spread of the
averages of this data (described below) is much bigger than the provided errors and
likely spans these systematic errors, though may be subject to systematic offsets. The
dwarf galaxy abundances were removed from the set, since it is likely that dwarf galaxies
exhibit a different GCE than the MW. In fact a future extension of the current model
could be applied to dwarf galaxies to give insight into their GCE relative to the MW.
Additionally, the Frebel (2010) data from stars in binary systems was removed from the
[Ba/Fe] and [Sr/Fe] data, since binary systems experience more enriched s-process abun-
dances due to accretion. Binary stars were identified from the online CHARA catalog,
http://www.chara.gsu.edu/~taylor/catalogpub/catalogpub.html (Taylor et al.,
2003), and were removed from the data set. In addition to removing the known bina-
ries identified by the CHARA catalog, stars that simultaneously satisfied the following
criteria: [Fe/H] < −2.0, [Eu/Fe] > 0.5, and [Ba/Fe] > 0.0 were also removed, since they
are likely also candidates for binary systems not covered by the CHARA catalog. The
other compilation used was the data set from Soubiran and Girard (2005), which con-
tains, in part, 725 stars with magnesium abundances. This data set is needed for high
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metallicity abundances which fill a paucity of Mg data in the range −1 < [Fe/H] < 0
offered by Frebel (2010).
All data is given in units of [X/Fe] as a function of [Fe/H]. The [Fe/H] axis was
split into 300 bins in the range −5 < [Fe/H] < 1, and the [X/Fe] axis was split into 1500
bins in the range of the elemental data. Each data point was then assigned a Gaussian
distribution using nominal values for the errors in the observations,
fi = exp
{−0.5 · ([(xi − x0 )/σx]2 + [(yi − y0 )/σy]2)} , (3.15)
where fi is the value of the distribution at bin xi on the [Fe/H] axis and bin yi on the
[X/Fe] axis, x0 and y0 are the [Fe/H] and [X/Fe] values of each data point, and σx and
σy are the nominal errors for each x0 and y0 . A nominal error of 0.1 dex was assumed for
[Fe/H] and [Mg/Fe], and a nominal error of 0.15 dex was assumed for [Ba/Fe], [Sr/Fe],
[Eu/Fe], and [O/Fe] (Fre, 2011). The Gaussian contributions were summed for each bin,
and assigned an average and standard deviation for each bin. These binned averages
and standard deviations were used for sampling the parameter spaces. We note that all
fitting is done in the logarithmic space as is common practice. One could argue that
abundances and yields are “additive,” hence the linear space should be used. This is
left for future work. Indeed, fitting in the linear space would be impractical for large
dynamic ranges on the one hand; for ratios and small ranges the logarithmic space
should suffice.
3.4.1 SNe Type Ia Parameters
For fitting the Type Ia parameters a, b, and the fraction of the solar 56Fe abundance
attributed to Type Ia SNe, f , [Mg/Fe] data was chosen due the large number of data
points that exist for this element as well as its contribution from both massive stars and
Type Ia SNe. The parameter value for a, b, and f were chosen to minimize χ2r between
the [Mg/Fe] scaling model and the averages of the binned data. The results are given
in Fig. 3.7.
As shown in Fig. 3.7, the magnesium scaling falls within the standard deviation of
the data, and tracks the average well. The determined best fit parameter values are
a = 5.024, b = 2.722, and f = 0.693, with a resulting χ2r = 0.0317. This low χ
2
r reflects
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Figure 3.7: The resulting model for [Mg/Fe] found by parameter fitting. Blue ×’s: data
from Frebel, 2010. Red asterisks: data from Soubiran and Girard, 2005. The dark
shadow background shows the errors in the data, depicted by a Gaussian distribution
about the data points. The averages and standard deviations for the Gaussian contri-
butions per bin are given by the central and exterior pink lines, and the model itself
is shown as a green line. There are a couple outlying data points on the graph whose
Gaussian contributions can be seen at the upper limit of the [Mg/Fe] axis.
the large spread inherent in stellar abundances and the observational uncertainties that
exist, and also the fact that the bins (and data) are not uncorrelated, as each star is
“spread” out over many bins due to the assigned Gaussians. The drop of the curve
to solar values from its peak at [Fe/H] ' −1 is caused by Type Ia onset, when Fe
production begins to dominate over magnesium.
The relatively flat line (only ≈ 0.1 dex drop in [Mg/Fe] over 2 dex in [Fe/H]) depicted
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in the figure below [Fe/H] . −4 describes magnesium and iron abundances scaling to-
gether. This is a consequence of our model assuming massive stars are the sole and
unique source of metals at low metallicity. Whereas it is likely that magnesium and
iron co-evolve in this range, due to their shared primary (massive star) origin that dom-
inates at low metallicities, it is unsubstantiated from the data that the correlation is as
exact as the model finds it to be. Indeed, the model cannot predict abundances below
[Fe/H] ' −4 with any reliability, given the paucity of data at such low metallicities. It
could be argued that “average” scaling of abundances is not even a well-defined concept
in this range, since individual astrophysical events can have a large stochastic effect on
the metallicity content. In this sense, our model assumes “scaling” is a consequence of
varying amounts of mixing with BBN from the same stellar sources, and until sufficient
stellar events can reliably produce an average, our model is not a statistically accurate
description of this mixing.
3.4.2 r-Process and hs Parameters
For determining the value for the r -process parameter p, the chosen data was [Eu/Fe].
Europium is an r -process peak element with two isotopes, 151Eu and 153Eu, both of
which have dominant (∼ 85 % its solar value) contributions from the r -process. We
determined the optimized value for p using data from the Frebel (2010) data. The best
fitting scaling for [Eu/Fe] is given in Fig. 3.8.
The best fit parameter value was found to be p = 0.938 with χ2r = 0.040. The
previously found best fit values for a, b, and f (from Section 4.1) were used for Fe.
Note that a nominal value of h = 1.5 for the s-process parameter was assigned to the
s-process contributions to Eu for the purpose of fitting the [Eu/Fe] model. The choice
of this nominal value for h has a negligible impact on the best fit value for p due to the
small s-process component of Eu, and for comparison an optimization of the parameter
space for p with an h value of 2 yields a best fit value of p = 0.935 with χ2r = 0.041, a
difference of 0.3 % in p, and a difference of 2.5 % in χ2r .
For fitting the values for the heavy main s-process parameter h, the chosen data
was [Ba/Fe]. This element has two s-only isotopes, 134Ba and 136Ba, along with three
isotopes with contributions from both the s- and r -processes, 135Ba, 137Ba, and 138Ba,
and a small overall elemental contribution (∼ 0.2 % its solar value) from two γ-process
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Figure 3.8: The resulting model for [Eu/Fe] found by parameter fitting. The full scaling
is shown in green. Blue ×’s: data from Frebel, 2010. The rest of the figure follows the
convention of Fig. 3.7.
isotopes, 130Ba, and 133Ba. In Fig. 3.9, we plot results for the scaling of barium with
the best fit value for h. The previously found best fit values (from Section 4.1) for a, b,
f , and p were used for Fe and the r -process contributions to Ba.
The minimized value of χ2r = 0.134 was obtained from the parameter value h = 1.509.
The trend of our barium model at low (. −2.0) metallicities implies abundances that
begin to track iron. At these low metallicities, iron production is dominated by primary
massive star contributions, as is barium production dominated by the primary r -process,
hence the [Ba/Fe] encounters a “floor” in its abundances, which is expected (e.g., Truran,
1981).
Above [Fe/H] = −1.793, secondary contributions from the s-process exceed r -process
contributions, and begin to drive [Ba/Fe] upward to a local maximum, before Type Ia
contributions take the ratio back down to solar. This metallicity value of [Fe/H] = −1.793
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Figure 3.9: The resulting model for [Ba/Fe] found by parameter fitting. The full scaling
is shown in green, with the heavy s-process, r -process, and γ-process components plotted
in teal, brown, and red, respectively. Blue ×’s: data from Frebel, 2010. The rest of the
figure follows the convention of Fig. 3.7.
where heavy s-process contributions equal r -process contributions is lower than the typ-
ical value of [Fe/H] ≈ −1.5 (e.g., Truran, 1981; Travaglio et al., 1999), and is due to our
main heavy s-process exponent being smaller than the theoretical value of 2. Note that
at all metallicities, the γ-process contributions to elemental abundances are negligible.
3.4.3 Weak s-Process and ls Parameter
The parameters constraining the weak s-process and ls scalings are w and l. Ideally
one would wish to use [Ga/Fe] or [Se/Fe] elemental data, both of which have significant
weak s-process isotopic contributions to their elemental abundances (≈ 0.61 for Ga,
≈ 0.21 for Se), as well as also lying on the first main s-process peak. Unfortunately
data across a sufficient metallicity range for these elements is sparse, and [Sr/Fe] data
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is used instead, which has ≈ 0.09 of its elemental abundance due to the weak s-process.
In addition to data from Frebel (2010), two additional sources were used that provide
observations of higher metallicity stars (Taylor et al., 2003). Sr has two s-only isotopes
along the weak s-process path, 86Sr and 87Sr, along with one mixed isotope of r - and
s-process origin, 88Sr (although the r -process component is small), and one νp-process
isotope, 84Sr. Possible binary contamination of the data was removed according to the
same prescription adopted for the [Eu/Fe] data. In Fig. 3.10, we plot results of the
model for strontium with the best fit value for w and l. The previously found best
fit values for a, b, f , and h (from Section 4.1 and 4.2) were used for Fe and the main
s-process contributions to Sr.
The value of χ2r = 0.061 was obtained from the parameter value w = 1.230 and
l = 1.227. At all metallicities, contributions from the light s-process exceed weak s-
process contributions, and the νp-process and r -process contributions are negligible.
3.4.4 “Strong” s-Process Parameter
The final free parameter constrains the third s-process peak. Pb data was taken from
Frebel (2010), and binary stars were removed. The remaining data set consists of four
points only. Due to the paucity of data, our usual standard of optimizing the elemental
scaling using a χ2r analysis very poorly constrains [Pb/Fe]. Instead, the functional form
given in Section 3.3.3 was used to fit the free parameters d and g by hand to the four
data points. The result is given in Fig. 3.11.
As shown in Fig. 3.11, [Pb/Fe] peaks at [Fe/H] ≈ −3, which is about 0.5 dex lower
than found in the AGB simulations by Bisterzo et al. (2010). Below [Fe/H] = −3,
[Pb/Fe] drops until the “strong” s-process component is negligible, and the elemental
scaling is determined only by the r -process. The free parameters were found to be
d = 140, and g = −0.05. It should be noted that the few data points used only
constrain the approximate location of the peak for the [Pb/Fe] fit, and the drop of
the abundance at [Fe/H] ≈ −3.5 is not motivated by the data, but is an artifact of our
chosen function for the “strong” s-process scaling. It is clear that [Pb/Fe] should indeed
drop, as AGB stars do not produce isotopes at arbitrary low metallicities, but the exact
nature of the drop to the r -process floor may not be well represented by our model.
This very rough treatment of the “strong” s-process results in larger uncertainties for
72
Figure 3.10: The resulting model for [Sr/Fe] found by parameter fitting. The full scaling
is shown in green, with the light s-process and weak s-process components plotted in
cyan and brown, respectively. Blue ×’s: data from Frebel, 2010. Red ×’s: data from
Mashonkina and Gehren, 2001. Black asterisks: data from Jehin et al., 1999. The rest
of the figure follows the convention of Fig. 3.7.
the s-process contributions to Pb and Bi isotopes from our model, and further revision
is left to future work.
3.5 Results and Discussion
The functional forms for all scalings are now fixed by adjusting the model to optimally
fit the observational data. A comparison is given in Fig. 3.12. Since each isotopic
contribution in the “massive” category is independently interpolated between solar and
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Figure 3.11: The resulting model for [Pb/Fe] found by parameter fitting by hand. The
full scaling is shown in green, with the heavy s-process and r-process components plotted
in cyan and brown, respectively. Red ×’s: data from Frebel, 2010.
[Fe/H], the “massive” (brown solid line) scaling shown in Fig. 3.12 is an example, and
what is shown is the scaling for the massive contribution to 56Fe only. Hence, this
scaling gives,
[56Femassive/O] = log
(
56Femassive/
56Femassive,
)− log (O/O), (3.16)
where 56Femassive, is the massive contribution to the solar abundance of 56Fe.
Type Ia SNe (yellow long-dashed line) contributions are negligible (< 1 % the so-
lar value) below the Type Ia onset identified by our model. After Type Ia onset at
[Fe/H] ≈ −1.1, the contributions climb smoothly to solar. It is concerning that the
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Figure 3.12: The scaling functions of the model contributions relative to oxygen as
functions of metallicity. The “Massive” line shows the scaling of the massive category’s
contribution to 56Fe, and is normalized to the solar contribution from this category only.
Type Ia scaling begins to flatten at low metallicities until its slope becomes less than
the γ-process (green dot-dot-dot-dashed line). Whereas contributions are negligible at
these metallicities, the tanh(x) function chosen for Type Ia fails to describe the accurate
physical picture, as the slope ideally should increase sharply below onset to reflect Type
Ia “turning on.” We accept this behavior for the Type Ia scaling in part because con-
tributions are already negligible and would offer insignificant corrections to the isotopic
abundances if changed. Even though our Type Ia scaling has a negligible impact on
the abundances below the onset value, its description in this range is not constrained at
low metallicities. In the present model it is only important for [Fe/H] > −1.1. Further-
more, the elemental data ends at [Fe/H] ≈ −4, and hence the only constraint on Type
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Ia scaling below this metallicity (where it flattens out) is that there is no contribution
from the BBN composition.
Both the massive star (brown solid line) and r -process (black dotted line) scalings
show similar trends at all metallicities, due to their shared primary nature. Abundances
for the, νp-process, primary GCR spallation, novae contributions, and He production
are scaled the same as the r -process, whereas secondary GCR spallation is scaled the
same as the heavy s-process. The γ-process is scaled with an exponent given as the
average of the heavy s- and r -processes plus one, (h+ p)/2 + 1 (see Equation 3.13).
Both components of the s-process do not show the typical behavior of secondaries.
The heavy component (red dot-dashed line) shows a higher drop off at lower metal-
licities than the primary processes, but with a slower exponent of 1.509 compared to
the theoretical value of 2. The light s-process (teal solid line) and weak s-process (pink
dashed line) scalings behave similarly at all metallicities, with an exponent intermediate
between the heavy s-process and primary processes. The “strong” component displays
supra-primary behavior above [Fe/H] ≈ −3.5, as is expected from its high abundance
at low metallicities. Below [Fe/H] ≈ −3.5, it decreases at a rate larger than any other
process, and its contributions quickly become negligible and the scaling is no longer
plotted. In this range [Fe/H] . −3.5 it is unlikely that our model correctly describes
the “strong” component, as only the peak of the scaling function is constrained by data.
The failure of our model to reproduce the theoretical secondary nature is not new,
and this discrepancy has been previously observed in the data (Prantzos, 2010b). It
may be possible to alleviate this discrepancy by noting that at low metallicities rotating
massive stars may have an increased neutron exposure in two different ways. The first
is enhanced nitrogen production from CNO burning, which then burns into neon to
seed the neutron source (Pignatari et al., 2008; Frischknecht et al., 2010). The second
is an earlier 22Ne ignition due to higher core temperatures (Frischknecht et al., 2010).
The effect of this larger neutron exposure is enhanced weak s-process production at low
metallicities, driving an increase in the abundance and resulting in a parameter value
that is closer to a primary rather than secondary process.
Explaining the discrepancy for the heavy and light components is more challenging.
It may be plausible, however, that we are observing the net result of a mixed isotopic
history. That is, one could imagine a composition with a given abundance of an isotope
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made from a primary process in some astrophysical environment, that is then processed
in a different astrophysical environment at a later time. If another abundance of this
isotope is then made from a secondary process in the new astrophysical environment, its
history would change from primary to secondary. Our model offers no way to track this
effect. Indeed the aggregate of these effects may be in fact what we observe, and hence
may be why our model gives an averaged main component parameter that deviates
from the theoretical value of 2.0 (e.g., Prantzos, 2010b). Of course, this only applies to
elements whose isotopic contributions can be made from both primary and secondary
sources. In Table B.1 of Appendix B we summarize our optimized parameter values. The
complete scaling model for all elements is shown in Fig. 3.13. Note that for illustration,
we provide the elemental scalings in Fig. 3.13 to a metallicity lower than our model is
fitted to data.
The traditional method of linearly interpolating solar abundances for inputs into
stellar simulations is equivalent to treating the Galaxy as though all isotopic production
is primary. This approximation is similar to Fig. 3.13, but with all metals changing their
relative abundances at the same [Fe/H], which would manifest as a type of “flag” pattern,
with all colors (representing relative abundances) changing together. In contrast to this
approximation, Fig. 3.13 shows the corrections offered by our model to the traditional
approximation due to the inclusion of Type Ia onset and secondary processes. These
corrections are identifiable as “fingers” which protrude in the horizontal axis, distorting
the otherwise clean “flag” pattern, and occurring at elements that either lie on the
Fe-peak or that have strong secondary or other Type Ia contributions.
The scalings that notably stand apart from the others are the light elements: H, He,
and Li. These begin with a much higher relative abundance (compared to the metals)
due to BBN, and so change less relative to their solar values, compared to the other
elements that begin with zero BBN contributions. Additionally, Pb displays a relative
higher abundance at low metallicities due to the “strong” s-process. The sharp drop of
Pb at [Fe/H] ≈ −3.8 is consistent with Fig. 3.11, and is a very approximate treatment.
In Table B.3 of Appendix B, we give the ratios of the isotopic abundances from our
scaling model over the abundances generated from a linear interpolation between BBN
and solar. The ratios are computed for two sub-solar total metallicities ([Z] = −1 and
[Z] = −3), and illustrate the corrections the model provides to a standard approach.
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Figure 3.13: The complete elemental scaling of the model. The abundances are given
relative to their solar values.
Elemental abundance ratios, [X/Fe], that are above zero at sub-solar metallicities
generally indicates elements, X, that have strong contributions from primary sources.
Specifically, [X/Fe] > 0 will hold if an element X has a larger primary contribution to
its solar abundance than Fe has to its own solar abundance. Similarly, if an element X
has a larger secondary or Type Ia contribution to its solar abundance than Fe has to its
solar abundance, [X/Fe] < 0 will hold. In contrast, the method of linearly interpolating
abundances from their solar values to BBN results in [X/Fe] = 0 for all metal elemental
and isotopic abundances — all metals are scaled at the same rate. We can, therefore,
compare the corrections that our scaling model produces to the abundances, relative to
the linear interpolation method. This comparison is shown in Fig. 3.14.
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Figure 3.14: The elemental ratios against iron ([X/Fe]) at various metallicities for the
scaling model. In contrast, the ratios produced from the linear interpolation method
are a constant line at [X/Fe] = 0 for all elements, at all metallicities.
Finally, our choice for the model parameter, ξ, can now be compared to the normal-
ized total metallicity, Z/Z (Fig. 3.15). As shown in Fig. 3.15, our choice for the model
parameter indeed corresponds to [Z] to within 0.4 dex for log(ξ) ≥ −3 (below which
our model is not constrained by data). The deviation from true linear is greatest at
low metallicities and improves closer to solar metallicities. This comparison verifies our
motivation for choosing functions for primary and secondary processes as being pro-
portional to a polynomial of ξ. The deviation from linear is a result of the fixed point
at [Fe/H] = −3 calculated from the massive star simulation, and the scaling of the
massive contributions from the solar abundances through this fixed point in log-space
(rather than linear-space). If the massive scalings were done in linear-space instead,
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the massive isotopic ratios would be similar to the fixed point abundance ratios for
metallicities well above [Fe/H] = −3, and these ratios would approach solar ratios only
just before [Fe/H] = 0. This should not be the case, since enrichment from massive
stars should produce ratios close to solar much earlier. For this reason a linear scaling
in log-space was adopted, which impacts the isotopic ratios at a lower metallicity, and
creates smooth transitions to the solar ratios.
Figure 3.15: Comparison of our model parameter with [Z]. The behavior is linear to
within 0.4 dex for all values of log(ξ) and [Z] considered by the model. The dashed lines
demarcate the origin, and display the unity line for comparison.
The best-fit parameters (exponents of the scaling relations defined in Section 3.3.3)
for the ls-, hs-, r -, and weak s-processes (l, h, p, and w, respectively) represent the rate
of change of an abundance (in log-space) made by these processes as a function of ξ
(see Equations 3.8-3.11). Of more interest for comparings with observations, however,
are the physical exponents, which give the rates as a function of metallicity. Since a
relation between ξ and Z exists (Fig. 3.15), we can now compute these new exponents,
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using the following relations,
x ∗Z =
dlnP (ξ(Z ))
dln[Z ]
, (3.17)
x ∗Fe =
dlnP (ξ(Z ))
dln[Fe]
, (3.18)
where x ∗ is the physical exponent of the scaling function P (ξ(Z)), which is defined as the
functions given by Equations 3.8-3.11, relative to their solar value, P (ξ(Z)) ≡ Xi(ξ)/Xi,.
Note that ξ is a function of Z, ξ = ξ (Z). Using Equations 3.17-3.18, we compute the
physical exponents for the ls-, hs-, r -, and weak s-processes. The results are shown in
Fig. 3.16. In general, the exponents are nearly constant both at low values and close
to solar values of [Z] and [Fe]. The rate of change of P (ξ(Z)) relative to [Fe] is lower
than the rate relative to [Z], because the same change occurs in P (ξ(Z)) over a wider
range in [Fe] compared to [Z].
The Tables 3.1 and 3.2 give the physical exponents for a selection of [Z] and [Fe]
values. At Z = Z, the physical exponents in Table 3.1 are greater than our best-fit,
technical exponents by about 10 %. For the r -process, this result agrees nicely with
the theoretical exponent of 1. The exponents for the hs-, ls-, and weak s-processes
likewise increase, but are still below their theoretical values of 2. Possible reasons for
this were discussed above. Note that the units throughout are mole fractions. As
mentioned previously, both massive star and r -process scaling rates are quite similar
at all metallicities, due to their shared primary nature. The rates for the νp-process,
primary GCR spallation, novae contributions, and He production are the same as the
r -process, whereas secondary GCR spallation has the same rate as the heavy s-process.
The γ-process rate is the average of the heavy s- and r -process rates plus one (see
Equation 3.13).
Table 3.1: Physical Exponent Values at different values of [Z]
Parameter 0 -1 -2 -3 Description
l∗ 1.335 1.431 1.457 1.471 ls-process Exponent
h∗ 1.667 1.760 1.791 1.792 hs-process Exponent
r∗ 1.036 1.094 1.114 1.113 Primary Process Exponent
w∗ 1.358 1.435 1.460 1.475 Weak s-process Exponent
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Figure 3.16: The physical exponent values (x ∗) as functions of [Z] (solid line) and [Fe]
(dashed line). Shown are the exponents for the ls-, hs-, r -, and weak s-processes.
Table 3.2: Physical Exponent Values at different values of [Fe]
Parameter 0 -1 -2 -3 Description
l∗ 1.144 0.890 1.214 1.222 ls-process Exponent
h∗ 1.407 1.094 1.493 1.503 hs-process Exponent
r∗ 0.874 0.680 0.928 0.934 Primary Process Exponent
w∗ 1.147 0.892 1.217 1.225 Weak s-process Exponent
3.6 Conclusions
A metallicity-dependent Galactic isotopic decomposition for all stable isotopes has been
constructed. The solar abundance pattern was decomposed into several astrophysical
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processes responsible for isotope synthesis. Parametric functions were chosen to scale
the contributions from each astrophysical process to give isotopic abundances, with the
solar abundance pattern and BBN used as boundary conditions. The isotopic scalings
were summed into elemental scalings and compared with stellar data in the halo and
disk to tune the fit parameters of the model. The final scalings provide a complete
isotopic abundance pattern at any desired metallicity. The purpose of this work is to
provide isotopic abundances that can be used as initial abundances for stellar models
in future work, or other nucleosynthesis studies. Our model is a large improvement
over approximating the input isotopic abundance pattern by simply scaling the solar
abundances, and/or using solar isotopic ratios. This is the first time this has been done
in a systematic way.
The interpretation of our offered solar abundance pattern decomposition is approx-
imate, as different assumptions (of varying reliability) operate for different isotopes.
The decompositions of the light isotopes (below carbon) likely reflect the best current
understanding, however, the current understanding is admittedly an area of ongoing in-
vestigation. The decomposition from carbon up to the Fe peak from massive stars and
Type Ia SNe are the result of scalings done on data from two models that preserve the
isotopic ratios across the two models, which distorts the original abundance patterns
taken from the simulations. Whereas this preserves the salient features of these two
processes, it should be noted that the isotopes that are not CNO or Fe peak suffer a
larger uncertainty in their decompositions due to this scaling. Furthermore we make no
distinction between the several operative primary processes that fall under the category
of “massive stars,” which are dominated by CCSNe yields but also necessarily include
yields from stellar winds of lower mass stars, ν-process, and classical novae.
The main s-process yields used show good agreement with the solar abundances,
however, the weak s-process computation only reproduces the necessary abundances
for three of the six s-only isotopes along the weak s-process path. The method for
computing the weak s-process should ideally rely upon stellar models, unfortunately
the results often display over-productions of several isotopes above their solar values.
Our more simple approach, whereas less robust, has the advantage of only two isotopic
over-productions, and is calculated directly from the neutron capture cross-sections and
branching ratios.
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In addition to providing isotopic abundances for input into stellar simulations, our
methodology can also be applied to model other systems such as dwarf galaxies, and
tailoring the free parameters to relevant data sets will then yield approximate chemical
abundances for such systems. Yet another application lies with stellar model fits. Cur-
rently published stellar evolution models only give average yields for stars over certain
mass ranges. These averages must be fitted to available observational data sets, as done
for example by Heger and Woosley (2010). The need for this fit is evident, since stellar
models only address the stellar nucleosynthesis part of GCE and neglect several pro-
cesses which will ultimately influence the subsequent ISM abundances over many stellar
lifetimes, processes such as infall and ISM mixing. The age of the Galaxy (or timescale
of GCE) is much greater than the typical stellar lifetimes that contribute significantly
to ISM enrichment; hence this fitting is required to give stellar yields a more precise
physical meaning in a GCE context. Thus in addition to providing the initial isotopic
abundances for input into stellar simulations, the abundances can also be used to fit the
resulting stellar yields from the model in a consistent fashion.
This work has laid out a basic method of isotopic decomposition as a function
of metallicity based on elemental observational data and underlying nucleosynthesis
processes for a complicated environment like the Galaxy. Future work should have
a more detailed look at specific and less complicated environments like, e.g., dwarf
galaxies that have different contributions and would hence allow one to constrain model
parameters more uniquely (such as Type Ia onset contributions). Another challenge
will be to relate and identify the different nucleosynthesis processes with the principle
components found in observational work like that of Ting et al. (2012), and help to
improve such principle component analysis based on physical nucleosynthesis processes.
Chapter 4
The Impact of Helium-Burning
Reaction Rates on Massive Star
Evolution and Nucleosynthesis
4.1 Introduction
As discussed in Chapter 2, massive stars are responsible for the production of most
intermediate-mass (A = 16−40) isotopes through hydrostatic burning phases and subse-
quent supernovae (Burbidge et al., 1957; Woosley et al., 2002). During core-He burning
the 12C(α, γ)16O and 3α reactions compete to determine the relative abundances of oxy-
gen and carbon prior to core-C burning. Changes in these abundances have significant
effects on subsequent stellar evolution and structure and on the resulting nucleosyn-
thesis. The carbon abundance influences subsequent shell burning episodes and affects
whether core-C burning will be radiative or convective. There is also a non-monotonic
relation between the carbon abundance and the resulting remnant mass (Woosley et al.,
2003; Sukhbold and Woosley, 2013), so that these reactions are important for under-
standing the populations of neutron stars (NS) and black holes (BH).
These rates can also affect weak s-process yields. The weak s-process is a slow neu-
tron capture process occurring at the end of convective core-He burning and during shell
carbon burning (Pignatari et al., 2010), and contributes to isotopic production along
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the s-process path above iron and up to a mass number of A≈100 (Raiteri et al., 1993).
A change in the helium-burning rates can induce a corresponding change in tempera-
ture to keep the star at constant luminosity, and the reaction for the neutron source
for the weak s-process, 22Ne(α,n)25Mg, is highly temperature-dependent. Additionally,
the amounts of neutron poisons have been shown to vary with these rates (Rayet and
Hashimoto, 2000; Tur et al., 2009).
Although not discussed in this work, the production of the important radioactive
nuclei 26Al, 44Ti, and 60Fe (Tur et al., 2010) is also sensitive to these rates. Gamma
rays from these nuclei provide observational information that may help to test models
of massive star internal structure and nucleosynthesis through the constraints imposed
by the abundance ratios of 44Ti/56Co and 26Al/60Fe (Diehl et al., 2006; Leising and
Diehl, 2009).
This study is an extension of the work by Tur et al. (2007) (see also, Tur et al.,
2009), who calculated a limited subset of models of our full 2D parameter space. They
concluded that across the 2σ uncertainty range standard deviations for the production
factors sometimes vary non-monotonically with the rates, as do deviations in the rem-
nant mass, indicating that both helium burning reactions are independently important
(Tur et al., 2007). We extend upon their study by performing a much finer sampling
of the 2σ uncertainty range to assess the effect of changing the rates independently, in
order to map the whole 2D landscape to determine the true non-monotonic behavior
with a higher resolution grid. The purpose is to: i) examine the effect of varying the
helium burning reaction rates on the production factors of intermediate-mass isotopes,
ii) examine the effect on the production factors of the six s-only isotopes along the weak
s-process path, iii) assess the impact on i) and ii) of including only models that are likely
to explode as successful supernovae, and iv) examine the effect on the remnant mass.
We do not address the effect of varying the solar abundance set, which indeed has been
shown to impact the final nucleosynthesis, and is studied in Tur et al. (2007) for the
intermediate-mass isotopes and in Tur et al. (2009) for the weak s-process isotopes. We
use an updated solar abundance set (Lodders, 2010) that was not yet available for the
previous studies. It was corrected for the weak s-only isotopes by subtracting estimated
main s-process contributions, as described in Section 4.2. We note that recent 3-body
calculations of the 3α reaction show an increase in this rate at temperatures below
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∼ 0.07 GK (Nguyen et al., 2012). This will not impact the current study as He ignition
in massive stars occurs beyond this threshold, at T3α ∼ 0.1 GK.
This chapter has the following outline: in Section 4.2 we describe the stellar models
and methods used in the analysis. In Section 4.3 we compare the intermediate-mass and
weak s-process isotopes across all models, and for the subset of models likely to explode
as supernovae rather than collapse to black holes (we ignore hypernovae and gamma ray
bursts). This subset is chosen using a compactness parameter filter. We also discuss the
remnant mass and carbon mass fractions at the end of core-He burning for the different
stellar masses. Our conclusions are given in Section 4.4.
4.2 Stellar Models and Analysis
All models were computed using KEPLER, a time-implicit one-dimensional hydrody-
namics package for stellar evolution (Weaver et al., 1978; Rauscher et al., 2002). A grid
of 12 initial stellar masses M=12, 13, 14, 15, 16, 17, 18, 20, 22, 25, 27, and 30 was used,
with the revised pre-solar abundances from Lodders (2010) for the initial composition.
For each stellar mass, 176 models were computed to scan at least a 2σ uncertainty range
for both the 12C(α, γ) 16O and 3α reaction rates, denoted Rα,12 and R3α, respectively.
This range was parametrized as a multiplier on the centroid values for the rates, as done
by Tur et al. (2007). The centroid values used in KEPLER are taken from Caughlan
and Fowler (1988) for R3α, and 1.2 times the rate recommended by Buc (2000) for Rα,12.
The range for the Rα,12 multipliers was (0.5, 2.0) with a resolution of ∆ = 0.1, and the
range for the R3α multipliers was (0.75, 1.25) with a resolution of ∆ = 0.05. Commonly
accepted uncertainties for R3α and Rα,12 are ±10 % (Chernykh et al., 2010) and ±25 %.
Our total range was, conservatively, slightly more than ±2σ. In Fig. 4.1 we show the
grid of models computed both by Tur et al. (2007) and in the present work.
All stellar models were first evolved through hydrostatic burning until the Fe core
collapsed, and an inward velocity of 108 cm s−1 was reached. The explosions were then
modeled using the mechanical piston prescription (see Section 1.3.3). The final super-
nova yields for all models were then averaged by integrating over the Salpeter initial
mass function (IMF) for each reaction rate multiplier pair in Fig. 4.1. The yields from
stellar winds were included. Note the effects of rotation and magnetic fields are ignored.
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Figure 4.1: The Rα,12 and R3α reaction rate multiplier values used in the stellar models.
The models using the reaction rate multiplier pairs given in filled circles, triangles, and
rhombuses were performed by Tur et al., 2007. The ×’s show the models computed in
the present work.
Y ∗i =
∑
j
mj+1∫
mj
ξ (m) · (si,j · [m−mj ] + Yi,j) · dm (4.1)
Pi =
Y ∗i
Xi, ·
∑
k Y
∗
k
(4.2)
In Equation 5.1, the IMF interpolated yield mass for isotope i is given by Y ∗i , and
the Salpeter mass spectrum is ξ (m) = C · m−2.35, where C is the proportionality
constant. The mass grid used for the integrations are the ejected masses, defined as
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the baryonic remnant masses subtracted from the initial stellar mass grid. Yields are
linearly interpolated between adjacent masses in the integral, with the slope defined by,
si,j = (Yi,j+1 − Yi,j) / (mj+1 −mj), where Yi,j is the yield mass (in grams) of isotope i
from a model with initial mass mj . In Equation 5.2, the production factor for isotope
i is given by Pi, the sum in the denominator runs over all isotopes, and the solar mass
fraction of isotope i is given by Xi,.
Massive stars are responsible for producing nearly the entire solar abundance of
a subset of intermediate-mass isotopes, namely 16,18O, 20Ne, 23Na, 24Mg, 27Al, 28Si,
32S, 36Ar, and 40Ca. Hence, in order to make the solar abundance pattern, massive
near-solar metallicity stars need to produce these intermediate-mass isotopes in solar
ratios. An analysis of the standard deviations of the production factors for this set of
isotopes is used in the present work to identify helium reaction rate values that agree
with solar observations. This agreement is an approximation that the above isotopes
owe their entire solar abundance to massive, near-solar metallicity stars, and relies on
sufficient sampling of the initial mass function (IMF) and understanding of the initial
compositions. As mentioned, the impact of uncertainties in the initial composition is
not addressed in this work, but an analysis of the effect of different compositions can
be found in Tur et al. (2007).
For the weak s-process isotopes a correction is necessary, since the solar abundances
of the six s-only isotopes along the weak s-process path (70Ge, 76Se, 80Kr, 82Kr, 86Sr,
and 87Sr) have additional contributions from the main s-process, which occurs in asymp-
totic giant branch (AGB) stars, not massive stars. Hence what is needed are the pro-
duction factors relative to the contributions from the weak s-process only, not relative
to the entire solar abundance. To achieve this, the solar abundance decomposition from
Chapter 3 was used, which gives, in part, the approximate solar contributions for the
six weak s-only isotopes. This modifies Equation 5.1, with the substitution of Xi,w for
Xi,, where Xi,w denotes the contribution to the solar mass fraction of isotope i from
the weak s-process.
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4.3 Results and Discussion
4.3.1 Comparison of 12C(α, γ) 16O and 3α Reaction Rates
The production factors for the models were computed using Equations 5.1 and 5.2, and
standard deviations were calculated for each model, using the intermediate-mass isotope
set and the six s-only isotopes along the weak s-process path,
σP =
√∑n
k=1 P
2
k
n− 1 −
(∑n
k=1 Pk
n− 1
)2
, (4.3)
where Pk are the production factors computed in Equation 5.2, and n is the number of
entries in the isotope list: 10 for the intermediate-mass isotopes and 6 for the s-only
isotopes along the weak s-process path. We distinguish σP (the standard deviation
of the production factors) from σ (the uncertainty in the rates). Since massive stars
contribute to most of the solar abundances for the intermediate-mass isotopes considered
(or a fraction of them in the case of the s-only isotopes), low standard deviations should
indicate combinations of Rα,12 and R3α that agree with observations. We first follow the
type of analysis performed by Tur et al. (2007), for constant Rα,12 and R3α multipliers,
shown in Fig. 4.2.
For a constant R3α multiplier of 1.0 (Fig. 4.2, top), values for the Rα,12 multiplier
are favored within about ±25 % of the centroid multiplier of 1.2. For a constant Rα,12
multiplier of 1.2 (Fig. 4.2, bottom), values for the R3α multiplier have a minimum stan-
dard deviation at 0.85, and vary across a similar range of standard deviation values
for a ±25 % change in R3α. Since R3α is better experimentally determined, however,
the extremes of this range are less likely than for Rα,12. The results in Fig. 4.2 show
approximate qualitative agreement with the findings of Tur et al. (2007), but care must
be taken in a comparison as they do not use the (Lodders, 2010) abundances, and they
have demonstrated that there is non-trivial variation among different solar abundance
sets. The corresponding plot for the weak s-only isotopes is given in Fig. 4.3.
For a constant R3α multiplier of 1.0 (Fig. 4.3, top), values for the Rα,12 multiplier
have a minimum standard deviation at 1.3. For a constant Rα,12 multiplier of 1.2
(Fig. 4.3, bottom), the standard deviation has a minimum at the R3α multiplier value
of 0.95. Significant variations in the production factors exists across both multiplier
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ranges.
4.3.2 Intermediate-Mass Isotopes
To address how changing the rate multipliers independently affects the nucleosynthesis,
the entire set of models in (Rα,12, R3α) space was mapped in a 2D grid, rather than
restricting ourselves to 1D slices. Results are first given for just the 25 M models
(Fig. 4.4). The corresponding plots for all models can be found in Appendix E.
The best fit Rα,12 and R3α values occupy a region in the lower right-hand corner,
and a strip running approximately though the centroid value for each rate. It is inter-
esting that some adjacent models display significant differences in their nucleosynthesis
despite a small change in the reaction rate multipliers, for example, (Rα,12, R3α) =
(0.5, 0.9),(0.6, 0.9), or (Rα,12, R3α) = (0.5, 1.05),(0.6, 1.05). In some cases adjacent
models can evolve with quite different shell burning episodes, whereas in other cases
can be very similar, such as for (Rα,12, R3α) = (0.9, 0.9),(1.0, 0.9) or (Rα,12, R3α) =
(1.0, 1.1),(1.1, 1.1). How this occurs can be understood by considering the convective his-
tory of adjacent models. First, the (Rα,12, R3α) = (0.5, 0.9) and (Rα,12, R3α) = (0.6, 0.9)
models are given in Fig. 4.5, which have a difference in σP of 3 to 4 (Fig. 4.4).
In the (0.5, 0.9) model we observe a convective region that extends past the C shell
and into the above He layer, with subsequent He ingestion into the shell burning with C
into O. In the (0.6, 0.9) model the convective layer terminates before the He shell, and
the mixing and subsequent nucleosynthesis seen in the (0.5, 0.9) model does not occur.
In contrast, the (Rα,12, R3α) = (0.9, 0.9) and (Rα,12, R3α) = (1.0, 0.9) models are
given in Fig. 4.6, which show a difference in σP of ≤ 1. In both Fig. 4.5 and Fig. 4.6 the
∆R3α is the same; however, in the latter the Rα,12 values are sufficiently large to result in
radiative core-C burning, and C shell burning episodes in the (Rα,12, R3α) = (0.9, 0.9)
and (1.0, 0.9) models (Fig. 4.6) that do not interact convectively with the He layer.
Generally, larger carbon abundances at the end of core-He burning can support longer
and more energetic carbon shell burning episodes, which can result in He ingestion
leading to different nucleosynthesis.
The differences of adjacent models depend on the initial stellar mass, and it is
expected that regions in the (Rα,12, R3α) parameter space that have different standard
deviations at one mass may not at another. To average these effects across the IMF,
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Equations 5.1 and 5.2 were used for the entire set of models for all masses, and the
standard deviations for the production factors are given Fig. 4.7.
Changes in the 12C +12 C reaction rate may also affect nucleosynthesis; rate uncer-
tainties at low temperatures were thought to be large, perhaps orders of magnitude. A
heavy ion fusion study by Jiang et al. (2007) reported a rate decrease at low energy.
On the other hand, Spillane et al. (2007) found a strong increase in rates due to a low
energy resonance. A still lower energy resonance at lower energy had weak experimen-
tal support. Possible effects have been studied by Pignatari et al. (2013) for a 25 M
half-solar metallicity star. They found significant changes in the production of s-process
elements. However, their calculations were not carried through to solar collapse and an
explosion, which affects the production of these isotopes (Tur et al., 2009). In addition,
recent measurements by Zickefoose (2011), reported by Notani et al. (2012) give an
S-factor 50 times smaller than the previously reported value. For these reasons it is not
clear how much the nucleosynthesis considered in this work would be affected.
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Figure 4.2: Top: The production factors for the intermediate-mass isotopes averaged
over the IMF as a function of the Rα,12 multiplier, at a constant R3α multiplier of 1.0.
Bottom: The production factors for the intermediate-mass isotopes averaged over the
IMF as a function of the R3α multiplier, at a constant Rα,12 multiplier of 1.2. The inset
graph shows the standard deviations.
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Figure 4.3: Top: The production factors for the weak s-only isotopes averaged over the
IMF as a function of the Rα,12 multiplier, at a constant R3α multiplier of 1.0. Bottom:
The production factors for the weak s-only isotopes averaged over the IMF as a function
of the R3α multiplier, at a constant Rα,12 multiplier of 1.2. The inset graph shows the
standard deviations.
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Figure 4.4: Standard deviations of the production factors as a function of the Rα,12 and
R3α reaction rate multipliers for the 25 M models. Each model is given by the Rα,12
and R3α reaction rate multiplier pair used for the helium rates.
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Figure 4.5: Top: The convection plot for the inner 7 M of the (Rα,12, R3α) = (0.5, 0.9)
model. Bottom: The convection plot for the (Rα,12, R3α) = (0.6, 0.9) model. Shown are
convective regions (hatch-marks), semi-convective (cross-hatching), and energy genera-
tion from nucleosynthesis given by the logarithm scale. The entire evolution from the
main sequence to onset of core collapse is shown.
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Figure 4.6: Top: The convection plot for the inner 7 M of the (Rα,12, R3α) = (0.9, 0.9)
model. Bottom: The convection plot for the (Rα,12, R3α) = (1.0, 0.9) model. See Fig. 4.5
for a detailed description.
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Figure 4.7: Standard deviations of the IMF averaged production factors for the
intermediate-mass isotopes. The entire grid of initial masses was used.
The results in Fig. 4.7 show a region of small standard deviation (σP . 4) that
extends across models within (Rα,12, R3α) = (1.0, 0.75) to (1.6, 1.25) and defined with
a slope (in rate multiplier ratios) close to unity with a spread of ≈ ±0.2 in Rα,12. The
IMF averaged production factors for the weak s-process isotopes are shown in Fig. 4.8.
The results for the individual masses can be found in the appendix for the weak s-only
isotopes.
The results in Fig. 4.8 show a region of small standard deviation (σP . 4) that
extends across models within (Rα,12, R3α) = (1.3, 1.0) to (1.5, 1.25) and defined with a
slope close to unity with a spread of ≈ ±0.1 in Rα,12. The production factors for all
isotopes for the (Rα,12, R3α) = (1.3, 1.0) model are given in Fig. 4.9. This model lies
within the region of minimum standard deviation for both the intermediate-mass and
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Figure 4.8: Standard deviations for the IMF averaged production factors for the weak
s-only isotopes, using the entire grid of initial masses.
weak s-only isotopes. The neutrino-process isotopes, 7Li, 11B, 19F, 138La, and 180Ta
all show over-productions. Specifically, 11B shows a production factor very close to 16O
(P11B/P16O = 0.97), which agrees with Austin et al. (2011); these authors also show
that this ratio varies by more than a factor of 2 at different values of Rα,12. The low
values for most of the heavy nuclei in Fig. 4.9 are expected, as we did not include the
r -process or s-process contributions from AGB stars.
4.3.3 Implications for Stellar Remnants
The analysis above assumed a perfect supernova success rate; i.e., abundances from all
models were included even though some would collapse to a black hole without enriching
the ISM with a SN event. We thus performed an additional analysis that removed the
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Figure 4.9: Production factors for all isotopes for the (Rα,12, R3α) = (1.3, 1.0) model.
Shown are the 16O production factor (dashed line) with ±2 ranges (dotted lines).
models that may result in possible “failed” supernovae, prior to IMF averaging. Black
hole formation following core collapse has been investigated recently by O’Connor and
Ott (2011), who identified a single parameter that can be used to roughly infer the fate
of the core collapse event, using 62 progenitors. This compactness parameter is defined
100
generally as,
ξM =
M/M
R (M) /1000 km
, (4.4)
where M is the baryonic mass, and R (M) is the radial coordinate that encloses M
at the time of core bounce. The relevant specific ξM for black hole formation is at
a mass of M = 2.5 M, and ξ2.5 is used by O’Connor and Ott (2011) to distinguish
a possible boundary between successful and failed supernova explosions at the value
of ξ2.5 = 0.45. Their models with ξ2.5 < 0.45 were concluded to be likely successful
supernova, using considerations of the time-averaged neutrino heating efficiency and
subject (albeit mildly) to the equation of state (EOS) employed.
A more recent analysis of over 100 supernova simulations by Ugliano et al. (2012)
have resultant NS and BH mass ranges that are compatible with a possible paucity of
low mass BHs, which may imply a lower ξ2.5 value than used by O’Connor and Ott
(2011). A more refined boundary of ξ2.5 ≈ 0.25 has been proposed by Woo (2012) (see
also, Brown and Woosley, 2013), and will be adopted in the present work.
In our analysis all models are assumed to have the same final kinetic energy for the
ejecta (1.2 B), however, the explosion energies can vary. A larger explosion energy would
cause successful SNe above ξ2.5 = 0.25, since now larger densities would be required to
overcome this larger energy and prevent a successful SN explosion. It would also cause
more material above the Fe core to escape the gravitational potential, resulting in a
smaller mass cut and remnant mass for models already below this limit.
The ξ2.5 values were computed for each model. The distribution of ξ2.5 values for the
25 M models is given as an example in Fig. 4.10. Figures for the ξ2.5 values of the other
masses can be found in Appendix E. Since we do not calculate the compactness factor
using an actual core bounce, but instead a piston model, we investigated the sensitivity
of the compactness factor to this assumption by also calculating ξ2.5 at a point in the
pre-SN collapse when the inward velocity was 108 cm s−1. We found a small impact on
the models, with 15 (out of 2112) models that successfully explode (ξ2.5 ≤ 0.25) using
the pre-SN structure that otherwise fail.
For the 25 M models, those with low Rα,12 values are favored for successful SNe
events, in addition to a local minimum in ξ2.5 defined by a narrow strip close to the
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Figure 4.10: The distribution of the logarithm of ξ2.5 values for the 25 M models.
centroid value for this rate. In comparison, the 12 M, 13 M, 14 M, and 15 M
models all explode as successful SNe, whereas the 16 M models have only 7 of 176
models that fail, and the 17 M models have 10. The 18 M models have 20 failed
SNe, all above Rα,12 ≥ 0.9 and spanning the whole range of R3α. Among our models
of 20 M, several fail towards high Rα,12 and low R3α values, with a fairly delineated
boundary between successful and failed SNe beginning at a multiplier pair value of
(Rα,12, R3α) = (1.2, 0.75), and ending at (1.8, 1.25). The 22 M and 27 M models
show the same behavior as the 20 M models but with a boundary favoring more BHs,
delineated by a slope defined by (1.0, 0.75) and (1.4, 1.25) for the former, and (0.5, 0.75)
and (0.8, 1.25) for the latter. Among our models of 30 M, there are 10 that explode at
Rα,12 = 0.5 along with a strip of successful SNe from (0.8, 0.75) to (1.3, 1.25).
The yields from the stellar winds of all models, as well as the explosive yields of
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the models that satisfy the condition ξ2.5 < 0.25 were then averaged over an IMF. The
result is given in Fig. 4.11 for the intermediate-mass isotopes and in Fig. 4.12 for the
weak s-only isotopes.
Figure 4.11: Standard deviations for the IMF-averaged production factors for the
intermediate-mass isotopes. The yields from all stellar winds and the explosive yields
from models that satisfy the condition ξ2.5 < 0.25 were used in the averaging.
As stated, Fig. 4.7 showed a small standard deviation region (σP . 4). This region
extended across models within (Rα,12, R3α) = (1.0, 0.75) to (1.5, 1.25) and was defined
with a slope close to unity with a spread of ≈ ±0.2 in Rα,12. The impact of the
compactness parameter for the intermediate-mass isotopes is that the (σP . 4) region
from Fig. 4.7 is still observed in Fig. 4.11, but the latter has models in this region whose
standard deviation has σP larger by 1, although this effect may be less if an even finer
mass grid was used. We conclude that the current 25 % uncertainty range of Rα,12
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Figure 4.12: Standard deviations for the IMF-averaged production factors for the weak
s-only isotopes. The yields from stellar winds and from the explosive yields of models
that satisfy the condition ξ2.5 < 0.25 were used in the averaging.
agrees with observations. The region of small standard deviations for Fig. 4.11 has a
slope defined approximately by (Rα,12, R3α) = (1.1, 0.75) to (1.6, 1.25) with a spread of
≈ ±0.2 in Rα,12 for R3α . 0.95, and spread of ≈ ±(0.3− 0.4) in Rα,12 for R3α & 0.95.
It is then possible to define the relation,
Rα,12 = 1.0R3α + (0.25± 0.3). (4.5)
For a chosen R3α value in the range 0.75 to 1.25, Equation 4.5 gives a range of Rα,12
values that best match observations, taking into account only the intermediate-mass
isotopes.
The impact of the compactness parameter on the weak s-only isotopes is that the
104
(σP . 4) region from Fig. 4.8 becomes somewhat more sharply defined, in that the
models above R3α ≈ 0.95, from Rα,12 ≈ 1.0 to 1.3 have increased standard deviations
by ≈ 1−2. In Fig. 4.12 there is a region of small σP with a slope defined by (1.1, 0.75) to
(1.6, 1.25), with an average spread of ≈ ±0.2 in Rα,12. This result should be interpreted
with care, however, since the IMF averaging is subject to the Xi,w values, taken from
an approximate analysis of weak s-process contributions to the solar abundances (see
Section 3.2.5.1) which uses only the relevant nuclear physics and does not employ stellar
modeling. Furthermore, the decomposition of the weak s-process contributions does not
address recent works that indicate possible evidence for an increase of the s-elements
in the Galactic disk (Mashonkina et al., 2007; Maiorca et al., 2011, 2012; Jacobson and
Friel, 2012). It is unclear what impact this would have on our analysis, however, since
the weak s-isotopic abundances do not dominate their respective elemental abundances.
Despite these issues, the weak s-process analysis in the present work is a step in the
right direction; one simply cannot compare the weak s-process yields directly to the
solar abundances (which contain main s-process abundances also). We thus caution the
reader that whereas our weak s-process analysis is an improvement, it is also weakly
constrained.
The best values for the helium rates from our analysis should agree with observations
for both the intermediate-mass and weak s-only isotope sets. We thus computed the
average of the standard deviation values for both sets (Fig. 4.13). Whereas the optimal
values for the helium burning rates from our analysis should reproduce the observed
abundance ratios for both the intermediate-mass and weak s-only isotope sets, the two
sets will not be at the same level of production factor, because they have different as-
trophysical natures and galactic chemical evolution histories. For example, the weak
s-process, being of secondary nature, is overproduced by a factor of ≈ 2.0 at solar metal-
licity and less is made at lower metallicities, yet their relative abundance ratio should
be about solar - and this is what we match. In contrast, the intermediate-mass isotopes
are primary and should be produced at a solar level, and again within this subgroup
the isotope ratios should be at solar level. Hence, they were analyzed separately before
the results were combined, instead of computing the standard deviations for all isotopes
as a single group. The ratio of weak s-process to intermediate-mass isotopes is not the
solar abundance ratio and not expected to be, so fitting both at once would be wrong.
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Figure 4.13: The average of the standard deviations for the production factors of the
intermediate-mass (Fig. 4.11) and weak s-only isotopes (Fig. 4.12).
The region of small standard deviations for Fig. 4.13 has a slope defined approxi-
mately by (Rα,12, R3α) = (1.1, 0.75) to (1.6, 1.25) with a spread of ≈ ±0.1 in Rα,12 for
R3α . 0.95, and spread of ≈ ±(0.2 − 0.3) in Rα,12 for R3α & 0.95. We then define the
relation,
Rα,12 = 1.0R3α + (0.35± 0.2). (4.6)
For a chosen R3α value in the range 0.75 to 1.25, Equation 4.6 gives a range of Rα,12
values that agree with observations, taking into account both the intermediate-mass and
weak s-only isotopes. Note that this relation does not accurately define the regions of
small standard deviation for either isotope set individually (see Fig. 4.11 and Fig. 4.12).
Note further that the region of small σP in Fig. 4.13 is “noisy,” and has values along
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the line of best fit that are not minima of this region. We must re-emphasize that
the analysis used is approximate, and the region contains values that may change if
we change the parameters of the model or improve the completeness of the models
included. Hence, whereas we can define this region, the analysis is likely insufficient to
reliably distinguish between neighboring values within it. Subject to the approximations
employed in the analysis, coordinate pairs for the reaction rate multipliers that satisfy
this relation results in nucleosynthesis that equally agrees with current observations
for both the intermediate and weak s-only isotopes, as far as the present study can
determine.
We also explored the dependence of our results on the IMF used in Equation 5.1.
We computed IMF averaged production factors for both the intermediate and weak s
isotope list using two modified Salpeter IMFs (+0.3 and −0.3 added to the exponent).
For the weak s-isotope list, both modified IMFs resulted in a difference in IMF-averaged
production factors by ≤ 6 % in the region of best fit rates identified by Equation 4.6. For
the intermediate-mass isotope list, both modified IMFs resulted in a difference in IMF
averaged production factors by ≤ 4 % in the region of best fit rates. We thus believe
the choice of IMF has only a small impact on the results, provided a reasonable IMF is
chosen.
The stellar model KEPLER, however, is only approximate: convection is treated
using mixing length theory, effects of rotation, binary star evolution, and magnetic
fields are ignored, many reaction rates and mass loss rates are not well enough known,
the opacities have uncertainties, etc. Some of these effects have been investigated. For
example, Chieffi and Limongi (2012) studied the impact of rotation on solar metallicity
massive stars in the range 13 − 120 M, and found over-productions of F and slight
over-productions of weak s-process isotopes. Another study by Iliadis et al. (2011)
found several reaction rate uncertainties that influence massive star Al production, and
found a range of 26Al larger than those found by Tur et al. (2007). Although it was
not the purpose of the present work to address the effects of the approximations in the
stellar models, it is important to note that they can have a non-negligible impact on the
results in some cases. Additionally, we interpolated yields across a finite IMF sampling
and only for solar metallicity CCSNe stars instead of a full galactic chemical evolution
model from big bang nucleosynthesis to the present Galaxy including all nucleosynthesis
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sources. For the isotopes we compare in this work, however, the assumption that solar
composition stars should produce about their solar ratios is reasonable.
4.3.4 Variations in Carbon Mass Fractions and Remnant Mass
The baryonic mass of the progenitor of the remnant depends on the central carbon mass
at the end of core-He burning1. An increase in R3α or decrease in Rα,12 results in an
increase in the carbon abundance. An example of the resulting trend in baryonic mass
is given in Fig. 4.14, for the 25 M models. Figures for the baryonic masses of the other
models can be found in Appendix E.
Figure 4.14: The baryonic mass of the progenitor of the remnant for the 25 M models
as a function of the R3α and Rα,12 multipliers.
1The gravitational mass of the remnant also depends on type, formation scenario (Zhang et al.,
2008), and equation of state (Lattimer and Prakash, 2001).
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Fig. 4.14 shows that there is a decrease in baryonic remnant mass for increasing
R3α and decreasing Rα,12. This is because a larger carbon abundance at the end of
core-He burning can support longer and more energetic carbon shell burning episodes,
which allows the core to cool to lower entropy, yielding a smaller progenitor (Woosley
et al., 2003; Tur et al., 2007). Note the apparent local maximum beginning at a Rα,12
multiplier value of ∼ 0.7 and extending to ∼ 1.2, which coincides with the ξ2.5 local
maximum in Fig. 4.10. This may be caused by non-convective core-C burning that
results in a more compact star and more massive baryonic remnant (Heger et al., 2001).
This non-monotonicity has also been observed by Tur et al. (2007).
The cut-off mass for the remnant becoming a BH versus a NS is difficult to assess. A
fraction of the NS progenitor is radiated away by neutrinos, which is dependent on the
EOS (Lattimer and Prakash, 2001). A larger maximum for NS masses result from the
“stiffest” EOS (those with largest pressures for a given density), and an upper limit of
Mhigh = 2.9 M has been calculated by Tolos et al. (Tolos et al., 2012). Observational
evidence places this limit between 2.0 M .Mhigh . 2.5M, although this may only be
an indication of the limit to the mass that can possibly be accreted in a binary system
(Lattimer and Prakash, 2010).
An example of the correlation between baryonic mass and central carbon mass at
the end of core-He burning can be seen by comparing Fig. 4.14 with Fig. 4.15 for the
25 M models. Figures for the carbon mass fractions of the other models can be found
in Appendix E.
As shown in Fig. 4.15, high R3α and low Rα,12 multipliers result in higher carbon
mass fractions as expected, whereas low R3α and high Rα,12 multipliers result in lower
carbon mass fractions. Comparing Fig. 4.14 and Fig. 4.15 shows an overall inverse re-
lation between the carbon mass fraction and the remnant mass (see also Figs. E.4 and
Fig. E.5).
4.4 Conclusions
This chapter studies the effect of changing the helium burning rates 12C(α, γ)16O and
4He(2α, γ)12C independently to map the effects on stellar evolution and nucleosynthe-
sis. We follow the entire evolution from hydrogen burning through the SN explosion,
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Figure 4.15: Central carbon mass fraction at the end of core-He burning for the 25 M
models as a function of the R3α and Rα,12 multipliers.
including wind and SN yields, and considering fallback, mixing, and which stars make
SNe (ξ2.5 < 0.25) or collapse to BHs without SN, and finally integrating the yields over
an IMF. In total, we calculated nucleosynthesis for a grid of 176 models for each of 12
stellar masses from 12 M to 30 M (2112 models). This is by far the most extensive
investigation on the effects of rate variations for the helium burning reactions to date,
and the first to use updated solar abundances (Lodders, 2010).
Combining constraints on intermediate-mass and weak s-only isotopes, we find a best
fit for rate multipliers (Rα,12, R3α) = (1.1, 0.75) to (1.6, 1.25) with an average spread of
≈ ±0.2 in Rα,12. More generally, we find a relation between Rα,12 and R3α for good fits
to nucleosynthesis given by Rα,12 = 1.0R3α + (0.35 ± 0.2) in the range R3α = 0.75 to
1.25. We also provide the line of best fit using only the intermediate-mass isotope list,
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given by Rα,12 = 1.0R3α + (0.25± 0.3).
In this analysis, all models are assumed to have a final kinetic energy of the ejecta
of 1.2 B. Real supernovae have a range of explosion energies. A larger explosion energy
would allow successful SNe above the ξ2.5 = 0.25 limit, since now larger densities would
be required to overcome this larger energy to prevent a successful SN explosion. It
would also cause more material above the Fe core to escape the gravitational potential,
resulting in a smaller mass cut and remnant mass for models already below ξ2.5 = 0.25.
Small changes in the reaction rates can result in significant differences in the convec-
tion structure of the star, which is not just a numerical artifact but due to the physics
of shell burning. This introduces “noise” into the comparisons, and is a warning for cal-
culations done for specific cases; the general conclusion may be influenced by isolated
processes. Given an astrophysical model that includes all the important physics with
perfectly known physical input parameters, the values for the standard deviations shown
in the figures should have a minimum region reflecting only the uncertainties in isotopic
abundances. We know, however, that the stellar model used is only approximate and
can affect the nucleosynthesis, as discussed in Section 4.3.3. These approximations re-
sult from parametrizing multi-dimensional mixing processes in 1D codes and also from
uncertainties in the nuclear physics, hence they are inherent in all models. For the
isotopes we compare in this work, however, the assumption that solar composition stars
should produce about their solar ratios within each subgroup is reasonable.
If we change the parameters of the models or improve the completeness of the models,
we expect the best fit rates to change also. Hence it is not necessarily the case that the
best fit rate for an observable (in our case the abundances) coincides with the true rate.
This suggests that the best reaction rates we obtain in our analyses are at some level
effective rates. Analogous procedures have been used in many areas of physics. For
example, in the shell model of nuclear physics, an effective nucleon-nucleon interaction
(close to but not identical to the true interaction) is chosen to fit the low-lying spectra
of many nuclei, and this reaction is very successfully used to predict other observables.
Similarly, we think that the present procedure can provide better predictions of other
astrophysical quantities, remnant masses or neutrinos synthesis of certain isotopes, for
example.
Whereas our comparisons do not have the power to accurately determine the helium
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burning reaction rates, they do show that the experimental values are not too far from
the truth and that changes needed to compensate (in an effective interaction sense)
for model uncertainties are not large. Thus, similar calculations necessary to assess the
situation, as overall model uncertainties decrease, will be less demanding; we have shown
that a significant part of the uncertainty space is irrelevant. It is also clear that if one
of the two helium burning reactions is much better determined, the effective rate for the
other will be much better determined. For example, if it is later determined that R3α
is near 1.25 times the present experimental centroid value, then the best fit Rα,12 will
be 33 % larger than the experimental centroid value. It may also happen that if both
reactions become well determined, they would not agree with the effective interaction
that best reproduces the abundances. In such an event, this work may still serve to
provide an evaluation of other model uncertainties and point the way to improvements
(Sukhbold and Woosley, 2013).
Chapter 5
Dependence of Stellar
Nucleosynthesis on Initial
Composition
5.1 Introduction
The final nucleosynthesis from massive star simulations depend on the initial isotopic
composition. Ideally, the initial composition would come directly from observations,
but unfortunately isotopic data is scarce except for the Sun. A second choice is to use
galactic chemical evolution (GCE) models to provide the needed abundances. Since
GCE models use different prescriptions, for not only estimated quantities such as infall,
but also for stellar model yields, the sub-solar abundances computed by different GCE
models are necessarily model-dependent. Additional limitations of GCE models were
discussed in the previous Chapter.
A common estimation independent of GCE modeling is to linearly interpolate abun-
dances as a function of metallicity between the known endpoints of their solar and big
bang nucleosynthesis (BBN) values. This method effectively assumes that all metals are
made in primary processes (i.e., directly from H and He), since primary processes pro-
duce abundances that scale linearly in metallicity. Such an approach is reasonable since
the majority of metals by mass are indeed of primary origin, such as the light α-isotopes.
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An obvious error in this method, however, is that isotopes made in secondary processes
(i.e., from pre-existing metals) are approximated poorly, since they produce abundances
that scale quadratically in metallicity. Using the linear interpolation method, secondary
processes are over-estimated at sub-solar metallicities and possibly under-estimated at
super-solar metallicities. Furthermore, this method also incorrectly over-approximates
Type Ia SNe yields at low metallicities ([Z] . −1). Although Type Ia SNe are primary
events, they cannot contribute to the ISM until sufficient time elapses for white dwarfs
to evolve from a low mass star and then accrete enough material to explode (assuming
the binary accretion model, e.g., Ruiter et al., 2010, and references therein). Hence,
these events experience a time delay in their contributions to the ISM not accounted
for with a simple linear interpolation — which implicitly assumes Type Ia contributions
exist at all metallicities. It is presently unknown in detail how these errors impact the
final nucleosynthesis.
In this chapter, we present a brief study on the dependence of the final massive
star nucleosynthesis on changes in the initial composition. The initial composition for
the stellar models is computed in two ways. The first is the scaled solar abundances
discussed above (hereafter denoted SS), where abundances are linearly interpolated
between their solar values (taken from Lodders, 2010) and BBN values (taken from Fie,
2002). In the second method, the initial composition is computed using the scaling
model developed in Chapter 3 (hereafter denoted GG). As previously discussed, in this
model secondary processes and Type Ia SNe abundances are treated separately from
primary processes, which offers a correction to linearly interpolating all abundances.
The purpose of this preliminary study is to make a first assessment of the impact of
these corrections on the stellar models and nucleosynthesis yields. It is expected that
since the GG compositions are matched to observational data, the models using them
will produce abundances that do also, compared to SS.
This chapter has the following outline: In Section 5.2 we describe the stellar models
and procedures used in the analysis, and in Section 5.3 we present the results of the
models and general features of the differences in yields across the range of metallicities.
In Section 5.4 we give a few concluding remarks.
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5.2 Methodology
5.2.1 Initial Compositions
The initial composition affects the final stellar yields in two ways: it directly impacts
the nucleosynthesis by constraining the abundances available for nuclear reactions, and
it also affects the stellar structure and subsequent evolution. The latter is not an
immediate effect of the initial composition on the final nucleosynthesis, but can affect the
yields by changing how the star evolves (e.g., the regions that are convective). Ideally, we
like to distinguish between these two effects. This would be implemented by running four
grids of stellar models: i) using the scaling model abundances for the nucleosynthesis
and for computing the structure (GG), ii) using the scaling model abundances for the
nucleosynthesis but use the linear interpolation abundances for computing the structure
(GS), iii) using the linear interpolation abundances for the nucleosynthesis and for
computing the structure (SS), and iv) using the linear interpolation abundances for the
nucleosynthesis but use the scaling model abundances for computing the structure (SG).
A complete analysis using these four grids would allow us to isolate the differences in
yields from both effects, for both input compositions. In the present study, we restrict
our analysis to i) and iii) only; the full set of grids is left for future work.
The figures showing the ratio of initial compositions (GG/SS) for all initial metal-
licities are given in Appendix D. The initial compositions of SS and GG are identical for
[Z] = 0, as here both are simply the solar abundance pattern Lodders (2010). When the
metallicity decreases, the ratio GG/SS for many of the isotopic abundances becomes
increasingly negative. This occurs because the GG compositions scale secondary and
Type Ia SNe isotopic abundances at a larger rate than the linearly-scaled SS. The s-
process peak isotopes (such as 134,136Ba), γ-process isotopes (such as 156,158Dy), and
Fe-peak isotopic abundances all display this effect, which is greatest at the lowest initial
metallicity considered ([Z] = −4). At super-solar metallicities the reverse is true. Here
the increased scaling rate of s-process and γ-process isotopes pushes the GG/SS ratio
more positive, however, the treatment of Type Ia SNe in the scaling model (a tanh(x)
function scaling, see Equation 3.6) flattens the scaling rate for these relatively abun-
dant isotopes upon reaching solar metallicities so as to not over-produce them relative
to observations. The third s-process peak isotopes (204,206,207,208Pb and 209Bi) depart
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from the aforementioned trend. These isotopes are presently understood to be from
the main s-process at low metallicities Bisterzo et al. (2010), hence the GG/SS ratio is
positive for these isotopes at low metallicities, and negative at super-solar metallicities
in accordance with their believed mechanism for production (discussed further in Sec-
tions 2.7.3 and 3.3.3). A table giving numerical values for both SS and GG compositions
for [Z] = −1, −3 is given in Table B.2 of Appendix B.
5.2.2 Stellar Models and Numerical Methods
All models were computed using the KEPLER code Weaver et al. (1978); Rauscher et al.
(2002). We used 8 different initial stellar masses M/M = 13, 15, 17, 20, 22, 25, 27, and 30.
For each initial mass, a grid of 13 models were run with the following initial metallicities,
[Z] = +0.2, +0.1, 0.0, −0.2,−0.4, −0.6, −0.8, −1.0, −1.5, −2.0, −2.5, −3.0, and − 4.0,
where [Z] ≡ log (Z/Z). This entire grid of 104 models was run for both the SS and
GG methods. twice, once with the SS initial composition, and once with the GG.
All stellar models were first evolved through hydrostatic burning until the Fe-core
collapsed, and an inward velocity of 108 cm s−1 was reached. The explosion mechanism
in KEPLER for the resulting supernova is modeled as a mechanical piston that imparts
an acceleration at constant Lagrangian mass coordinate to provide the desired total
kinetic energy of the ejecta, taken in these models to be 1.2 B (1 B = 1051 erg) at 1
year after the explosion. For details on the parametrization of the explosion used in
KEPLER see Woosley and Heger Woosley and Heger (2007), and references therein. For
details on the treatment of convection and mixing see Woosley and Weaver Woosley and
Weaver (1988) and Woosley et al. Woosley et al. (2002), and a discussion of the mass
cut is given by Tur et al., and Heger and Woosley Tur et al. (2007); Heger and Woosley
(2010).
The final nucleosynthesis for all models includes yields from stellar winds. The
explosive yields are taken only from models that are likely to successfully explode as SNe,
using the compactness parameter filter cutoff (ξ2.5 ≤ 0.25) discussed in Section 4.3.3.
The final yields for the GG and SS models were then averaged at each metallicity, by
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integrating over the Salpeter initial mass function (IMF),
Y ∗i =
∑
j
mj+1∫
mj
ξ (m) · (si,j · [m−mj ] + Yi,j) · dm, (5.1)
Xi =
Y ∗i∑
k Y
∗
k
. (5.2)
In Equation 5.1, the IMF interpolated yield mass for isotope i is given by Y ∗i , and
the Salpeter mass spectrum is ξ (m) = C · m−2.35, where C is the proportionality
constant. The mass grid used for the integrations are the net masses, defined as the
baryonic remnant masses subtracted from the initial stellar mass grid. Yields are linearly
interpolated between adjacent masses in the integral, with the slope defined by, si,j =
(Yi,j+1 − Yi,j) / (mj+1 −mj), where Yi,j is the yield mass (in grams) of isotope i from a
model with initial mass mj . In Equation 5.2, the mass fraction of isotope i is given by
Xi, the sum in the denominator runs over all isotopes. Hence, at every initial metallicity
of our grid, the yields from the GGM models computed at that initial metallicity were
IMF averaged, and the resulting yields were expressed as mass fractions. The same was
done for the SSM models.
We now address the final IMF averaged yields of the models, which for brevity shall
hereafter be denoted simply as “yields.”
5.3 Results and Discussion
Obviously, at solar metallicity both models have the same composition and therefore
we get identical results. The interesting question, however, is which sub-solar models
produce elemental ratios that agree with expected trends. We proceed by addressing
different results between the models.
5.3.1 Iron Production and Neutron-to-Seed Ratio
Due to the treatment of Type Ia SNe in the GG models, the initial Fe abundance is less
than the SS models at all sub-solar metallicities (Fig. 5.1, Top). We find quite similar
final Fe yields for both models (Fig. 5.1, Bottom) — Fe is primary and dominated by
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explosive yields, hence independent of the initial composition.
Figure 5.1: Top: The initial Fe abundance for both GG and SS models, as a function
of the initial total metallicity. Bottom: The final Fe yields.
The initial Fe abundances serve as seed isotopes for the weak s-process. We thus
expect differences in the weak s-only isotope production (70Ge, 76Se, 80Kr, 82Kr, 86Sr,
and 87Sr). Moreover, such differences should not depend solely on the seed abundance,
but also on the neutron source. As discussed in Section 2.7.2, the neutron-producing
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reaction, 14N (α, γ)18 F (β+νe)
18
O (α, γ)22 Ne(α,n)25Mg, uses 14N abundances made in
the CNO cycle. Whereas CNO burning does not change the overall CNO content, it does
re-distribute the abundance between the isotopes involved (see Section 2.6.1). Thus a
larger initial CNO abundance will result in a corresponding larger 14N abundance after
CNO burning, which becomes the 22Ne source for neutrons, and can potentially provide
more neutrons given sufficient He.
In Fig. 5.2, we give the ratio of initial CNO to Fe for both GG and SS models. The
GG models have a greater initial CNO/Fe ratio at all sub-solar metallicities, with the
largest differences at the lowest metallicities considered. In general, a larger neutron-to-
seed ratio can produce more s-process abundances, hence one might expect an overpro-
duction of weak s-process abundances in the GG models relative to the SS models. In
reality, the situation is more complicated. A very large neutron-to-seed ratio can drive
the s-process abundances to increasingly higher mass numbers (e.g., Bisterzo et al.,
2010). Indeed, this is precisely the description of how low metallicity AGB stars pro-
duce the heaviest s-only isotopes, where the neutron source, 13C, is primary (Clayton,
1988). Hence, whereas a larger ratio is typically indicative of the s-process efficacy,
it may not always result in a consistent increase of s-process abundances for all weak
s-process isotopes.
5.3.2 Weak s-Process Production
In general, we do find greater s-process production in the GG models at low metallicities.
A comparison is given in Fig. 5.3, for the six s-only isotopes along the weak s-process
path. In the higher metallicity models, the s-only production becomes greater for SS,
at different metallicities for each isotope.
To evaluate which set of models agrees with observations, we computed integrated
yields for both models and compared the result to the solar abundances. The integra-
tions were performed over the metallicity interval, and the weak s-process and Mg yields
were linearly interpolated,
Y ′i =
∑
j
zj+1∫
zj
(
ai,j · [z − zj ] + Y ∗i,j
) · dz, (5.3)
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Figure 5.2: The initial CNO/Fe ratios as a function of initial [Fe/H] for both SS and
GG models. At all sub-solar initial [Fe/H], a larger neutron-to-seed ratio is observed
for the GG models.
where the IMF interpolated yield mass (in grams) for isotope i at metallicity zj is given
by Y ∗i,j , the integrated yield mass for isotope i is given by Y
′
i , and the interpolated slopes
are given by, ai,j =
(
Y ∗i,j+1 − Y ∗i,j
)
/ (zj+1 − zj). The sum runs over the metallicity range
of models, [Zi] ∈ (−4,−0.2). We computed integrated yields for the six weak s-only
isotopes, as well as the three stable Mg isotopes. Using these results, we find a better
agreement with solar observations in the GG models, with [s/Mg]GG = −0.69 compared
to [s/Mg]SS = −0.90, where [s] is the logarithm of the sum of the six weak s-only isotopes
relative to the fraction of their solar values attributed to this process (see Table B.2).
The idea here is that the solar abundances of the six weak s-only and Mg isotopes
are made in several previous generations of stars. Hence, in order to compare with
solar observations, it is necessary to account for all possible sub-solar stellar yields
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Figure 5.3: The produced weak s-only isotope yields over Mg as a function of initial
[Fe/H] for both SS and GG models. In general, at sub-solar metallicities, the GG models
have larger productions than the SS models.
that contribute. We only sample the nucleosynthesis, however, from models in a finite
initial metallicity grid. Thus, we approximate the yields in between the models of
our grid by interpolating across the entire sub-solar metallicity range. Note that this
type of prescription has precedence in GCE models (e.g., Timmes et al., 1995). Our
method assumes the yields are well-mixed, and do not raise the total metallicity of the
surrounding environment much. We are also assuming the entire solar abundance of
Mg isotopes comes from massive stars, which is reasonable. The comparison of the
weak s-only isotopes to the fraction of their solar value attributed to massive stars is
approximate, and is subject to the accuracy of the fitting described in Section 3.2.5.1.
We caution that this analysis is a first step, and may require modification.
121
5.4 Conclusion
We performed a preliminary analysis for a grid of models across the initial metallicity
range −4.0 ≤ [Zi] ≤ +0.1 for 8 different initial masses, using inputs from our scaling
model and linear interpolated solar abundances. Ideally, one would use a GCE model
to compute the contributions to the solar abundances from sub-solar stars, using GG
and SS as inputs, and our results would certainly benefit from comparison to full GCE
calculations. These first results, however, are promising. We find better agreement for
the weak s-process abundances in the GG models when compared to solar. We hope
to continue this analysis in future work to address other massive star products, such as
the α-isotopes. Additionally, we will extend the grid to include GS and SG models, and
seek to distinguish between differences in yields caused by direct nucleosynthesis, and
those caused by changes in the stellar structure and subsequent evolution.
Chapter 6
Summary
A scaling model for all stable isotopes as a function of metallicity has been developed. It
takes into account the present understanding of all astrophysical processes responsible
for isotopic production, which is the first time this has been achieved. The model
also identifies, and uses, a new mechanism for p-isotope production in massive stars,
the WSEP process (Section 3.2.5.1). The model is best-fit to a fairly representative
data compilation, and describes on average the correct elemental ratios in the Galaxy.
Additionally, the isotopic ratios are useful for future nucleosynthesis studies.
There are limitations of the model which are important to understand for future ap-
plications. The solar abundance decomposition is approximate for the weak s-process
isotopes, as well as for intermediate-mass isotopes that have small contributions from ei-
ther CCSNe and Type Ia SNe (low contributions typically experience the largest scaling
factors, see Figs. 3.3 and 3.4). Additionally, the free parameters of the model are data-
dependent, and would change if another data set is used in the fits. Nevertheless, for
all “reasonable” data sets, the best-fit values will likely not change much — the trends
in the scalings match our expectations of how abundances evolve. For comparison, we
tested an alternate data set (Cayrel et al., 2004), and computed new best-fit values
which agreed with our model’s best-fits to within 10 %. We believe that the best-fit
parameters are relatively stable for representative Galactic abundance data complia-
tions. Another limitation is that the model relies on fits to massive star simulations to
help extract the massive star contributions to the solar abundance pattern. Even with
the rather extensive mass range sampled by the simulation (10 − 100 M), the fits to
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observations suffered error for some elements, such as with nitrogen, for example.
Despite these limitations, our model is a step in the right direction. Previous at-
tempts to construct isotopic abundances for use in stellar simulations have included
performing crude linear interpolations. More refined efforts modify these interpolations
to increase the intermediate-mass isotopic contributions from massive stars at sub-solar
metallicities (α-enhanced compositions), and some methods additionally modify Fe-
peak isotopes to address Type Ia SNe onset. In contrast, our model “modifies” all
stable isotopes in a self-consistent fashion, and in agreement with observational data.
The present model assumes a homogeneous chemical evolution of the Galaxy. In
reality, the components of the Galaxy (bulge, disk, and halo) have distinct stellar popu-
lations. A future extension of this model would be to address each component separately.
The feasibility of this may be presently constrained by data needs, which may improve
over time.
This work also represents a novel algorithm/procedure for modeling isotopic ratios,
which can be applied to other systems in future works, such as dwarf galaxies. Using
abundance data from these systems, the free parameters can be re-fitted to give the
isotopic scalings. The isotopic ratios of the resulting fitted model can be compared to
the present Galactic model, hopefully offering insight into how the relative chemical
evolutions behave. This will also enable the modeling of stars within dwarf galaxies,
with the resulting fitted model generating reliable input compositions.
We have also presented a study on the He-burning reaction rate uncertainties. We
ran an extensive grid of 2112 solar metallicity stellar models, and fit the yields to
expected abundances from the Sun. Our results improve future searches for He rate
values in two ways. The best-fit rates occupy a region in the 2D parameter space of the
2σ uncertainty range, which dismisses a significant fraction of possible rate values from
consideration. Secondly, the best-fit region allows us to couple the rates with a linear
relation, leaving only one rate independent. In principle, this alone cuts future work
in half — the experimenter need only improve one of the rates, and this will generate
an automatic improvement in the other. Moreover, the experimenter has free-choice of
which rate to improve, since the linear relation is invertible. Alternately, we may learn
something about other uncertain physics when both rates are measured well.
Currently, the He-rate grid uses only solar metallicity models. A future extension
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of this work would include stars at lower metallicities. The initial compositions of these
sub-solar models can be generated using the isotopic scaling model. This would extend
the 2D reaction rate grid with a “metallicity axis,” and may improve the presently
determined region of the uncertainty space that best-fits observations. Moreover, this
approach might also be used to improve the 22Ne(α,n)25Mg reaction rate, which impacts
the weak s-process abundances, and is poorly known (e.g., Longland et al., 2012).
Extending the grid into yet another axis for 22Ne would involve a very large number of
stellar models, which may become prohibitive. Nevertheless, future refinements to the
He rates may improve the situation, or conversely a reduced grid could be attempted.
Additionally, the effective best-fit reaction rates may improve predictions of other
observables in massive stars. A collaborative investigation is presently underway to
assess whether stellar models with our best-fit reaction rates can refine uncertainties
of predicted ν-process yields (Austin et al., 2013, submitted). Preliminary results are
promising, suggesting a tighter constraint on masssive star production of these isotopes
than previously determined. Moreover, this approach may be applicable to other iso-
topes as well, such as the gamma ray and weak s-process nuclei.
The preliminary results of the study comparing our input compositions to linear in-
terpolations suggest that the scaling model better reproduces the solar abundances for
the six s-only isotopes along the weak s-process path. Presently, the analysis assumes
the stellar yields do not significantly alter the overall metallicity of the surrounding
ISM, and we interpolate between these yields at the initial metallicities of the models
from which they come. Of course, this is not how chemical evolution really proceeds
in the Galaxy — especially at low metallicities, where stellar events can have a larger
impact on the overall metal abundances in the ISM. This study is a work in progress,
and ongoing efforts are attempting to model the dilution that stellar yields might ex-
perience at different metallicities when mixed with the surroundings. If successful, this
would change the metallicity of the ISM we use for the averaging in a consistent way.
This dilution method may also allow us to make more direct comparisons to sub-solar
observational data: the abundance rates should be similar for good models.
In summary, this work addresses two problems in stellar modeling. We improve
the isotopic inputs for stellar simulations, a utility that should be of great use to the
community, by enabling consistent inputs for GCE models and other nucleosynthesis
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studies. We also improve the present uncertainties in the He burning reaction rates,
by subtantially constraining the 2σ parameter space. In doing so, we enable better
model predictions, and pave the way for future improvements. We discovered several
useful extensions of these projects that may also contribute to our understanding of
nucleosynthesis and stellar evolution. The ultimate goal of these endevours has a broad
scope, and seeks to explain the origin of not only the isotopes that comprise the Universe,
but also ourselves.
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Appendix A
Fitting Algorithm
In this section, we explain the general algorithm for constructing elemental ratios [X/Fe]
from the isotopic scaling functions, and fitting to data. We then provide a specific
example for illustation. The algorithm has the following steps.
A) For each isotope i of element X, write the scaling function, Xi (ξ), for all processes
that contribute to the solar abundance of Xi, using Equations 3.5 - 3.14 and the solar
abundance decomposition in Section 3.2. This gives a scaling relation for the isotope as
a function of ξ, with one or more free parameters.
B) Sum the isotopic scaling relations to give an elemental scaling relation,
X (ξ) =
n∑
i
Xi (ξ) , (A.1)
where n is the number of isotopes that comprise element X. The resulting elemental
scaling is a function of ξ, and one or more free parameters.
C) Repeat steps A) and B) for the isotopes of Fe and H.
D) The ratios [X/Fe] and [Fe/H] can now be constructed, which are functions of ξ with
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one or more free parameters. For any free parameter values chosen, a curve can be
plotted in the [X/Fe] and [Fe/H] plane. This curve is generated by evaluating the ratios
across ξ ∈ [0, 1].
E) Observational data is then plotted on the [X/Fe] and [Fe/H] plane, and each data
point is assigned a gaussian spread (Equation 3.15), and the gaussian contributions in
x- and y-axes are binned and averaged (Section 3.4).
F) A χ2r analysis is performed for the free parameter values in [X/Fe] and [Fe/H]: for each
free parameter value a curve generated for [X/Fe] vs. [Fe/H], and a best-fit parameter
value is chosen that minimizes the χ2r between the curve and the averaged data. This
defines a unique curve for [X/Fe] against [Fe/H], and hence also gives unique functions
for the elemental and isotopic scaling relations.
We now give a specific example of the above steps A) - C), for constructing the elemental
ratios [Au/Fe] and [Fe/H]. Note the above steps D) - F) are discussed in Section 3.4 for
the elements Mg, Eu, Ba, Sr, and Pb.
To construct [Au/Fe] and [Fe/H], we first consider Au. This element has only one
stable isotope, 197Au. The solar abundance for 197Au has hs-process and r -process
components (Section 3.2), hence these abundances scale as follows (using Equations 3.9
and 3.11):
197Au(ξ) = 197Aus · (ξ)h + 197Aur · (ξ)p, (A.2)
where 197Aus is the portion of the solar abundance of 197Au from the hs-process. Sim-
ilarly, 197Aur is the portion of the solar abundance of 197Au from the r -process. For
illustration, we can evaluate 197Au(ξ) at ξ = 0, 1:
197Au(ξ = 0) = 0, (A.3)
197Au(ξ = 1) = 197Aus +
197Aur =
197Au. (A.4)
Observe that Equation A.3 gives the BBN abundance of 197Au, whereas Equation A.4
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gives the solar abundance. When ξ takes a value in between 0 and 1, we get a 197Au
abundance that is in between BBN and solar. This holds for all elemental scalings (all
scaling functions are monotonic). We now have a scaling relation for 197Au using the
continuous technical parameter ξ. Note the function 197Au(Z/Z) also must go from
BBN to solar for Z/Z ∈ [0, 1]. Since Au is a mono-isotopic element, the function of its
isotope is also the function of its element, 197Au(ξ) = Au(ξ).
The 4 stable isotopes of Fe have massive, Type Ia, and weak s-process contributions
(found using Equations 3.5, 3.6, and 3.10),
54Fe(ξ) = 54FeIa · ξ · [tanh(a · ξ − b) + tanh(b)]/[tanh(a − b) + tanh(b)]+
+10mFe54·(log(ξ)−log(ξlow))+log(X
sim
Fe54), (A.5)
56Fe(ξ) = 56FeIa · ξ · [tanh(a · ξ − b) + tanh(b)]/[tanh(a − b) + tanh(b)]+
+10mFe56·(log(ξ)−log(ξlow))+log(X
sim
Fe56), (A.6)
57Fe(ξ) = 57Fews · ξw + 10mFe57·(log(ξ)−log(ξlow))+log(X
sim
Fe57), (A.7)
58Fe(ξ) = 58Fews · ξw + 10mFe58·(log(ξ)−log(ξlow))+log(X
sim
Fe58). (A.8)
We then find the function for elemental Fe, given by the sum of isotopic functions,
Fe(ξ) =54 Fe(ξ) +56 Fe(ξ) +57 Fe(ξ) +58 Fe(ξ).
The ratio [Au/Fe] = log (Au(ξ)/Au)− log (Fe(ξ)/Fe) can then be constructed
(which is a function of ξ). To find [Fe/H], we need the scaling functions for deuterium
and 1H (using Equations 3.11 and 3.14:
D(ξ) = (D −DBBN) · ξp + DBBN, (A.9)
1H(ξ) = 1H · [1.0− ξ · Z −Y(ξ)−D(ξ)], (A.10)
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where DBBN is the BBN abundance of deuterium. The helium function, Y(ξ), is the
sum of the isotopic scalings of its two stable isotopes (found using Equation 3.11 with
BBN offsets):
3He(ξ) = (3He − 3HeBBN) · ξp + 3HeBBN, (A.11)
4He(ξ) = (4He − 4HeBBN) · ξp + 4HeBBN. (A.12)
The elemental function for H is then, H (ξ) = 1H(ξ) + D(ξ), and [Fe/H] can be found.
The specific values used for the free parameters h, p, a, b, and w are given in Section B.1.
All free parameter values are determined by fitting the elemental functions [Mg/Fe],
[Eu/Fe], [Ba/Fe], [Sr/Fe], and [Pb/Fe] to observational data (Section 3.4). We then
have defined a unique curve in the [Au/Fe] vs. [Fe/H] plane. Using Equations 3.5 - 3.14,
Table B.1, and Table B.2, all isotopic functions and elemental ratios can be evaluated in
this manner.
Appendix B
Tables
Table B.1 summarizes the optimized parameter values found by fitting to data.
Table B.2 gives the solar abundance pattern decomposition for all stable isotopes into
the various astrophysical processes employed by the scaling model: Big Bang Nucle-
osynthesis, ν-process/primary galactic cosmic ray spallation/novae yields (together in a
single category), secondary galactic cosmic ray spallation, massive star yields (includes
CCSNe, stellar winds, ν-process, and r -process contributions from carbon through zinc),
Type Ia SNe yields, main s-process (which include all of “strong”, ls, and hs compo-
nents), weak s-process, νp-process, γ-process, and the r -process (from zinc through
uranium). The solar abundances in column 2 are from Lodders (2010) and are in units
of mole fractions. The various astrophysical processes in columns 3-12 show the fraction
of the solar abundance attributed to each process, and these fractions can be used to
decompose any desired solar abundance pattern. The fraction values are rounded to
three significant figures. Note that the remaining helium not made in BBN is from
hydrogen burning, which not explicitly shown in the the table.
Table B.3 shows the ratios of the isotopic abundances given by our scaling model over
a simple linear interpolation of abundances between BBN and solar. Ratios for all
isotopes are given at two different metallicities: [Z] = −1, and [Z] = −3.
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Table B.1. Optimized Parameter Values Used in Scaling Model
Parameter Best-fit Value Description
a 5.024 Type Ia tanh Scaling Factor
b 2.722 Type Ia tanh Shifting Factor
f 0.693 Fraction of Solar 56Fe from Type Ia
p 0.938 Primary Process Exponent
h 1.509 hs-process Exponent
l 1.227 ls-process Exponent
w 1.230 Weak s-process Exponent
d 140 ”Strong” tanh Scaling Factor
g -0.05 ”Strong” tanh Shift Factor
157
T
ab
le
B
.2
:
S
ol
ar
A
b
u
n
d
an
ce
D
ec
om
p
os
it
io
n
Io
n
S
o
la
r
M
a
in
s
W
ea
k
s
r
-p
ro
c
ν
p
-p
ro
c
γ
-p
ro
c
S
N
Ia
M
a
ss
iv
e
G
C
R
ν
/
N
ov
a
e/
G
C
R
B
B
N
H
1
7
.0
5
7
1
E
-0
1
··
·
··
·
··
·
··
·
··
·
··
·
··
·
··
·
··
·
1
.0
6
H
2
1
.3
6
9
1
E
-0
5
··
·
··
·
··
·
··
·
··
·
··
·
··
·
··
·
··
·
1
.5
7
H
e3
1
.1
3
4
3
E
-0
5
··
·
··
·
··
·
··
·
··
·
··
·
··
·
··
·
··
·
6
.2
3
E
-0
1
H
e4
6
.8
3
0
6
E
-0
2
··
·
··
·
··
·
··
·
··
·
··
·
··
·
··
·
··
·
9
.1
0
E
-0
1
L
i6
1
.1
4
7
9
E
-1
0
··
·
··
·
··
·
··
·
··
·
··
·
··
·
3
.0
0
E
-0
1
7
.0
0
E
-0
1
··
·
L
i7
1
.3
9
7
8
E
-0
9
··
·
··
·
··
·
··
·
··
·
··
·
··
·
3
.0
0
E
-0
1
5
.0
5
E
-0
1
1
.9
5
E
-0
1
B
e9
1
.6
6
4
0
E
-1
1
··
·
··
·
··
·
··
·
··
·
··
·
··
·
2
.5
0
E
-0
1
7
.5
0
E
-0
1
··
·
B
1
0
1
.0
1
4
6
E
-1
0
··
·
··
·
··
·
··
·
··
·
··
·
··
·
2
.5
0
E
-0
1
7
.5
0
E
-0
1
··
·
B
1
1
4
.1
0
4
3
E
-1
0
··
·
··
·
··
·
··
·
··
·
··
·
··
·
2
.5
0
E
-0
1
7
.5
0
E
-0
1
··
·
C
1
2
1
.9
3
5
5
E
-0
4
··
·
··
·
··
·
··
·
··
·
1
.1
2
E
-0
2
9
.8
9
E
-0
1
··
·
··
·
··
·
C
1
3
2
.1
7
4
7
E
-0
6
··
·
··
·
··
·
··
·
··
·
2
.1
9
E
-0
5
1
.0
0
··
·
··
·
··
·
N
1
4
5
.7
5
5
0
E
-0
5
··
·
··
·
··
·
··
·
··
·
4
.5
6
E
-0
6
1
.0
0
··
·
··
·
··
·
N
1
5
2
.1
1
5
8
E
-0
7
··
·
··
·
··
·
··
·
··
·
3
.3
8
E
-0
6
1
.0
0
··
·
··
·
··
·
O
1
6
4
.2
7
1
7
E
-0
4
··
·
··
·
··
·
··
·
··
·
9
.4
6
E
-0
3
9
.9
1
E
-0
1
··
·
··
·
··
·
O
1
7
1
.5
9
2
9
E
-0
7
··
·
··
·
··
·
··
·
··
·
6
.2
7
E
-0
5
1
.0
0
··
·
··
·
··
·
O
1
8
8
.5
6
3
8
E
-0
7
··
·
··
·
··
·
··
·
··
·
8
.1
3
E
-0
5
1
.0
0
··
·
··
·
··
·
F
1
9
2
.1
8
7
7
E
-0
8
··
·
··
·
··
·
··
·
··
·
4
.4
2
E
-0
6
1
.0
0
··
·
··
·
··
·
N
e2
0
8
.3
1
4
8
E
-0
5
··
·
··
·
··
·
··
·
··
·
8
.2
2
E
-0
4
9
.9
9
E
-0
1
··
·
··
·
··
·
N
e2
1
1
.9
9
3
2
E
-0
7
··
·
··
·
··
·
··
·
··
·
3
.6
5
E
-0
3
9
.9
6
E
-0
1
··
·
··
·
··
·
N
e2
2
6
.1
1
3
9
E
-0
6
··
·
··
·
··
·
··
·
··
·
3
.8
1
E
-0
1
6
.1
9
E
-0
1
··
·
··
·
··
·
N
a
2
3
1
.5
7
0
5
E
-0
6
··
·
··
·
··
·
··
·
··
·
5
.0
8
E
-0
3
9
.9
5
E
-0
1
··
·
··
·
··
·
M
g
2
4
2
.2
0
3
6
E
-0
5
··
·
··
·
··
·
··
·
··
·
1
.6
3
E
-0
2
9
.8
4
E
-0
1
··
·
··
·
··
·
M
g
2
5
2
.7
9
0
5
E
-0
6
··
·
··
·
··
·
··
·
··
·
5
.2
3
E
-0
3
9
.9
5
E
-0
1
··
·
··
·
··
·
M
g
2
6
3
.0
7
0
1
E
-0
6
··
·
··
·
··
·
··
·
··
·
3
.5
8
E
-0
3
9
.9
6
E
-0
1
··
·
··
·
··
·
A
l2
7
2
.3
0
1
4
E
-0
6
··
·
··
·
··
·
··
·
··
·
7
.3
5
E
-0
2
9
.2
6
E
-0
1
··
·
··
·
··
·
158
T
a
b
le
B
.2
–
C
o
n
ti
n
u
ed
Io
n
S
o
la
r
M
a
in
s
W
ea
k
s
r
-p
ro
c
ν
p
-p
ro
c
γ
-p
ro
c
S
N
Ia
M
a
ss
iv
e
G
C
R
ν
/
N
ov
a
e/
G
C
R
B
B
N
S
i2
8
2
.5
0
9
3
E
-0
5
··
·
··
·
··
·
··
·
··
·
2
.5
1
E
-0
1
7
.4
9
E
-0
1
··
·
··
·
··
·
S
i2
9
1
.2
7
4
1
E
-0
6
··
·
··
·
··
·
··
·
··
·
2
.6
5
E
-0
1
7
.3
5
E
-0
1
··
·
··
·
··
·
S
i3
0
8
.3
9
9
2
E
-0
7
··
·
··
·
··
·
··
·
··
·
4
.2
8
E
-0
1
5
.7
2
E
-0
1
··
·
··
·
··
·
P
3
1
2
.2
5
9
2
E
-0
7
··
·
··
·
··
·
··
·
··
·
1
.7
3
E
-0
1
8
.2
7
E
-0
1
··
·
··
·
··
·
S
3
2
1
.0
8
9
0
E
-0
5
··
·
··
·
··
·
··
·
··
·
2
.1
6
E
-0
1
7
.8
4
E
-0
1
··
·
··
·
··
·
S
3
3
8
.5
9
5
6
E
-0
8
··
·
··
·
··
·
··
·
··
·
2
.2
8
E
-0
1
7
.7
2
E
-0
1
··
·
··
·
··
·
S
3
4
4
.8
3
0
7
E
-0
7
··
·
··
·
··
·
··
·
··
·
3
.9
3
E
-0
1
6
.0
7
E
-0
1
··
·
··
·
··
·
S
3
6
1
.9
4
8
3
E
-0
9
··
·
··
·
··
·
··
·
··
·
4
.8
6
E
-0
1
5
.1
4
E
-0
1
··
·
··
·
··
·
C
l3
5
1
.0
6
5
3
E
-0
7
··
·
··
·
··
·
··
·
··
·
8
.1
8
E
-0
2
9
.1
8
E
-0
1
··
·
··
·
··
·
C
l3
7
3
.4
0
6
6
E
-0
8
··
·
··
·
··
·
··
·
··
·
1
.1
6
E
-0
1
8
.8
4
E
-0
1
··
·
··
·
··
·
A
r3
6
2
.1
3
2
9
E
-0
6
··
·
··
·
··
·
··
·
··
·
2
.1
4
E
-0
1
7
.8
6
E
-0
1
··
·
··
·
··
·
A
r3
8
3
.8
7
8
1
E
-0
7
··
·
··
·
··
·
··
·
··
·
2
.8
1
E
-0
1
7
.1
9
E
-0
1
··
·
··
·
··
·
A
r4
0
6
.0
5
7
8
E
-1
0
··
·
··
·
··
·
··
·
··
·
3
.9
8
E
-0
1
6
.0
2
E
-0
1
··
·
··
·
··
·
K
3
9
9
.5
3
4
2
E
-0
8
··
·
··
·
··
·
··
·
··
·
5
.1
0
E
-0
2
9
.4
9
E
-0
1
··
·
··
·
··
·
K
4
0
1
.5
0
0
0
E
-1
0
··
·
··
·
··
·
··
·
··
·
··
·
1
.0
0
··
·
··
·
··
·
K
4
1
6
.8
8
0
6
E
-0
9
··
·
··
·
··
·
··
·
··
·
6
.0
7
E
-0
2
9
.3
9
E
-0
1
··
·
··
·
··
·
C
a
4
0
1
.5
9
2
5
E
-0
6
··
·
··
·
··
·
··
·
··
·
2
.9
7
E
-0
1
7
.0
3
E
-0
1
··
·
··
·
··
·
C
a
4
2
1
.0
6
2
9
E
-0
8
··
·
··
·
··
·
··
·
··
·
1
.9
3
E
-0
1
8
.0
7
E
-0
1
··
·
··
·
··
·
C
a
4
3
2
.2
1
7
9
E
-0
9
··
·
··
·
··
·
··
·
··
·
1
.7
1
E
-0
2
9
.8
3
E
-0
1
··
·
··
·
··
·
C
a
4
4
3
.4
2
7
0
E
-0
8
··
·
··
·
··
·
··
·
··
·
5
.7
9
E
-0
2
9
.4
2
E
-0
1
··
·
··
·
··
·
C
a
4
6
6
.5
7
1
4
E
-1
1
··
·
··
·
··
·
··
·
··
·
9
.5
8
E
-0
1
4
.2
3
E
-0
2
··
·
··
·
··
·
C
a
4
8
3
.0
7
2
1
E
-0
9
··
·
··
·
··
·
··
·
··
·
3
.1
6
E
-0
1
6
.8
4
E
-0
1
··
·
··
·
··
·
S
c4
5
9
.3
7
2
2
E
-1
0
··
·
··
·
··
·
··
·
··
·
3
.2
6
E
-0
2
9
.6
7
E
-0
1
··
·
··
·
··
·
T
i4
6
5
.5
5
0
3
E
-0
9
··
·
··
·
··
·
··
·
··
·
3
.5
1
E
-0
1
6
.4
9
E
-0
1
··
·
··
·
··
·
T
i4
7
5
.0
0
4
0
E
-0
9
··
·
··
·
··
·
··
·
··
·
5
.0
0
E
-0
2
9
.5
0
E
-0
1
··
·
··
·
··
·
159
T
a
b
le
B
.2
–
C
o
n
ti
n
u
ed
Io
n
S
o
la
r
M
a
in
s
W
ea
k
s
r
-p
ro
c
ν
p
-p
ro
c
γ
-p
ro
c
S
N
Ia
M
a
ss
iv
e
G
C
R
ν
/
N
ov
a
e/
G
C
R
B
B
N
T
i4
8
4
.9
6
0
2
E
-0
8
··
·
··
·
··
·
··
·
··
·
2
.6
5
E
-0
1
7
.3
5
E
-0
1
··
·
··
·
··
·
T
i4
9
3
.6
3
9
4
E
-0
9
··
·
··
·
··
·
··
·
··
·
3
.5
3
E
-0
1
6
.4
7
E
-0
1
··
·
··
·
··
·
T
i5
0
3
.4
8
8
7
E
-0
9
··
·
··
·
··
·
··
·
··
·
1
.0
0
8
.2
7
E
-0
5
··
·
··
·
··
·
V
5
0
1
.9
4
5
8
E
-1
1
··
·
··
·
··
·
··
·
··
·
1
.7
8
E
-0
1
8
.2
2
E
-0
1
··
·
··
·
··
·
V
5
1
7
.7
7
3
2
E
-0
9
··
·
··
·
··
·
··
·
··
·
4
.2
3
E
-0
1
5
.7
7
E
-0
1
··
·
··
·
··
·
C
r5
0
1
.5
4
6
9
E
-0
8
··
·
··
·
··
·
··
·
··
·
7
.6
5
E
-0
1
2
.3
5
E
-0
1
··
·
··
·
··
·
C
r5
2
2
.9
8
2
9
E
-0
7
··
·
··
·
··
·
··
·
··
·
5
.6
4
E
-0
1
4
.3
6
E
-0
1
··
·
··
·
··
·
C
r5
3
3
.3
8
2
2
E
-0
8
··
·
··
·
··
·
··
·
··
·
7
.2
9
E
-0
1
2
.7
1
E
-0
1
··
·
··
·
··
·
C
r5
4
8
.4
1
8
4
E
-0
9
··
·
··
·
··
·
··
·
··
·
9
.9
1
E
-0
1
8
.8
8
E
-0
3
··
·
··
·
··
·
M
n
5
5
2
.5
0
8
8
E
-0
7
··
·
··
·
··
·
··
·
··
·
8
.6
9
E
-0
1
1
.3
1
E
-0
1
··
·
··
·
··
·
F
e5
4
1
.3
4
8
1
E
-0
6
··
·
··
·
··
·
··
·
··
·
9
.6
6
E
-0
1
3
.3
5
E
-0
2
··
·
··
·
··
·
F
e5
6
2
.1
1
6
2
E
-0
5
··
·
··
·
··
·
··
·
··
·
6
.9
4
E
-0
1
3
.0
7
E
-0
1
··
·
··
·
··
·
F
e5
7
4
.8
8
7
6
E
-0
7
··
·
1
.4
0
E
-0
4
··
·
··
·
··
·
··
·
1
.0
0
··
·
··
·
··
·
F
e5
8
6
.5
0
1
8
E
-0
8
··
·
1
.7
9
E
-0
2
··
·
··
·
··
·
··
·
9
.8
2
E
-0
1
··
·
··
·
··
·
C
o
5
9
6
.3
8
1
7
E
-0
8
··
·
8
.9
7
E
-0
3
··
·
··
·
··
·
··
·
9
.9
1
E
-0
1
··
·
··
·
··
·
N
i5
8
9
.0
8
1
6
E
-0
7
··
·
··
·
··
·
··
·
··
·
··
·
1
.0
0
··
·
··
·
··
·
N
i6
0
3
.4
9
8
8
E
-0
7
··
·
3
.8
0
E
-0
3
··
·
··
·
··
·
··
·
9
.9
6
E
-0
1
··
·
··
·
··
·
N
i6
1
1
.5
2
0
6
E
-0
8
··
·
3
.7
4
E
-0
2
··
·
··
·
··
·
··
·
9
.6
3
E
-0
1
··
·
··
·
··
·
N
i6
2
4
.8
4
8
5
E
-0
8
··
·
7
.3
3
E
-0
2
··
·
··
·
··
·
··
·
9
.2
7
E
-0
1
··
·
··
·
··
·
N
i6
4
1
.2
3
4
8
E
-0
8
··
·
2
.8
1
E
-0
1
··
·
··
·
··
·
··
·
7
.1
9
E
-0
1
··
·
··
·
··
·
C
u
6
3
1
.0
1
8
4
E
-0
8
7
.0
0
E
-0
3
1
.6
1
E
-0
1
··
·
··
·
··
·
··
·
8
.3
2
E
-0
1
··
·
··
·
··
·
C
u
6
5
4
.5
3
8
1
E
-0
9
1
.9
0
E
-0
2
7
.2
7
E
-0
1
··
·
··
·
··
·
··
·
2
.5
4
E
-0
1
··
·
··
·
··
·
Z
n
6
4
1
.7
1
5
3
E
-0
8
1
.0
0
E
-0
3
6
.6
7
E
-0
2
··
·
··
·
··
·
··
·
9
.3
2
E
-0
1
··
·
··
·
··
·
Z
n
6
6
9
.8
4
0
9
E
-0
9
9
.0
0
E
-0
3
2
.7
0
E
-0
1
··
·
··
·
··
·
··
·
7
.2
1
E
-0
1
··
·
··
·
··
·
Z
n
6
7
1
.4
4
6
1
E
-0
9
1
.4
0
E
-0
2
4
.0
8
E
-0
1
··
·
··
·
··
·
··
·
5
.7
8
E
-0
1
··
·
··
·
··
·
160
T
a
b
le
B
.2
–
C
o
n
ti
n
u
ed
Io
n
S
o
la
r
M
a
in
s
W
ea
k
s
r
-p
ro
c
ν
p
-p
ro
c
γ
-p
ro
c
S
N
Ia
M
a
ss
iv
e
G
C
R
ν
/
N
ov
a
e/
G
C
R
B
B
N
Z
n
6
8
6
.6
1
3
5
E
-0
9
2
.0
0
E
-0
2
5
.1
9
E
-0
1
··
·
··
·
··
·
··
·
4
.6
1
E
-0
1
··
·
··
·
··
·
Z
n
7
0
2
.1
8
6
9
E
-1
0
1
.0
0
E
-0
3
··
·
9
.9
9
E
-0
1
··
·
··
·
··
·
··
·
··
·
··
·
··
·
G
a
6
9
5
.9
7
7
9
E
-1
0
3
.2
0
E
-0
2
7
.4
1
E
-0
1
2
.2
7
E
-0
1
··
·
··
·
··
·
··
·
··
·
··
·
··
·
G
a
7
1
3
.9
6
7
4
E
-1
0
5
.3
0
E
-0
2
9
.4
7
E
-0
1
··
·
··
·
··
·
··
·
··
·
··
·
··
·
··
·
G
e7
0
6
.6
2
3
3
E
-1
0
5
.4
0
E
-0
2
9
.4
6
E
-0
1
··
·
··
·
··
·
··
·
··
·
··
·
··
·
··
·
G
e7
2
8
.6
2
8
3
E
-1
0
7
.0
0
E
-0
2
6
.8
0
E
-0
1
2
.5
0
E
-0
1
··
·
··
·
··
·
··
·
··
·
··
·
··
·
G
e7
3
2
.4
0
7
1
E
-1
0
6
.7
0
E
-0
2
6
.8
8
E
-0
1
2
.4
5
E
-0
1
··
·
··
·
··
·
··
·
··
·
··
·
··
·
G
e7
4
1
.1
2
1
1
E
-0
9
8
.1
0
E
-0
2
6
.7
3
E
-0
1
2
.4
6
E
-0
1
··
·
··
·
··
·
··
·
··
·
··
·
··
·
G
e7
6
2
.3
2
1
9
E
-1
0
1
.0
0
E
-0
3
··
·
9
.9
9
E
-0
1
··
·
··
·
··
·
··
·
··
·
··
·
··
·
A
s7
5
1
.6
5
8
5
E
-1
0
5
.5
0
E
-0
2
4
.4
7
E
-0
1
4
.9
8
E
-0
1
··
·
··
·
··
·
··
·
··
·
··
·
··
·
S
e7
4
1
.6
3
2
2
E
-1
1
··
·
5
.0
0
E
-0
1
··
·
5
.0
0
E
-0
1
··
·
··
·
··
·
··
·
··
·
··
·
S
e7
6
1
.7
1
9
6
E
-1
0
1
.4
5
E
-0
1
8
.5
5
E
-0
1
··
·
··
·
··
·
··
·
··
·
··
·
··
·
··
·
S
e7
7
1
.4
0
1
8
E
-1
0
6
.8
0
E
-0
2
3
.9
1
E
-0
1
5
.4
1
E
-0
1
··
·
··
·
··
·
··
·
··
·
··
·
··
·
S
e7
8
4
.3
6
4
5
E
-1
0
1
.5
3
E
-0
1
6
.5
8
E
-0
1
1
.8
9
E
-0
1
··
·
··
·
··
·
··
·
··
·
··
·
··
·
S
e8
0
9
.1
0
7
7
E
-1
0
8
.9
0
E
-0
2
9
.1
4
E
-0
3
9
.0
2
E
-0
1
··
·
··
·
··
·
··
·
··
·
··
·
··
·
S
e8
2
1
.6
0
3
0
E
-1
0
1
.0
0
E
-0
3
··
·
9
.9
9
E
-0
1
··
·
··
·
··
·
··
·
··
·
··
·
··
·
B
r7
9
1
.4
7
6
8
E
-1
0
7
.4
0
E
-0
2
1
.7
8
E
-0
1
7
.4
8
E
-0
1
··
·
··
·
··
·
··
·
··
·
··
·
··
·
B
r8
1
1
.4
3
6
8
E
-1
0
9
.3
0
E
-0
2
3
.9
9
E
-0
1
5
.0
8
E
-0
1
··
·
··
·
··
·
··
·
··
·
··
·
··
·
K
r7
8
5
.5
0
2
8
E
-1
2
··
·
5
.0
0
E
-0
1
··
·
5
.0
0
E
-0
1
··
·
··
·
··
·
··
·
··
·
··
·
K
r8
0
3
.5
3
4
1
E
-1
1
9
.8
0
E
-0
2
7
.5
2
E
-0
1
··
·
1
.5
0
E
-0
1
··
·
··
·
··
·
··
·
··
·
··
·
K
r8
2
1
.7
7
0
7
E
-1
0
2
.8
7
E
-0
1
6
.8
3
E
-0
1
··
·
3
.0
0
E
-0
2
··
·
··
·
··
·
··
·
··
·
··
·
K
r8
3
1
.7
5
4
2
E
-1
0
1
.0
7
E
-0
1
2
.5
6
E
-0
1
6
.3
7
E
-0
1
··
·
··
·
··
·
··
·
··
·
··
·
··
·
K
r8
4
8
.6
4
5
1
E
-1
0
1
.3
8
E
-0
1
1
.7
1
E
-0
1
6
.9
1
E
-0
1
··
·
··
·
··
·
··
·
··
·
··
·
··
·
K
r8
6
2
.6
1
4
3
E
-1
0
1
.8
9
E
-0
1
··
·
8
.1
1
E
-0
1
··
·
··
·
··
·
··
·
··
·
··
·
··
·
R
b
8
5
1
.3
9
3
2
E
-1
0
1
.7
5
E
-0
1
3
.1
6
E
-0
1
5
.0
9
E
-0
1
··
·
··
·
··
·
··
·
··
·
··
·
··
·
161
T
a
b
le
B
.2
–
C
o
n
ti
n
u
ed
Io
n
S
o
la
r
M
a
in
s
W
ea
k
s
r
-p
ro
c
ν
p
-p
ro
c
γ
-p
ro
c
S
N
Ia
M
a
ss
iv
e
G
C
R
ν
/
N
ov
a
e/
G
C
R
B
B
N
R
b
8
7
5
.7
3
3
9
E
-1
1
2
.8
0
E
-0
1
··
·
7
.2
0
E
-0
1
··
·
··
·
··
·
··
·
··
·
··
·
··
·
S
r8
4
3
.5
3
2
2
E
-1
2
··
·
5
.0
0
E
-0
1
··
·
5
.0
0
E
-0
1
··
·
··
·
··
·
··
·
··
·
··
·
S
r8
6
6
.2
4
6
1
E
-1
1
5
.6
0
E
-0
1
4
.4
0
E
-0
1
··
·
··
·
··
·
··
·
··
·
··
·
··
·
··
·
S
r8
7
4
.3
6
5
1
E
-1
1
5
.5
3
E
-0
1
4
.4
7
E
-0
1
··
·
··
·
··
·
··
·
··
·
··
·
··
·
··
·
S
r8
8
5
.2
3
3
3
E
-1
0
1
.0
0
··
·
··
·
··
·
··
·
··
·
··
·
··
·
··
·
··
·
Y
8
9
1
.2
6
1
0
E
-1
0
9
.8
1
E
-0
1
1
.9
0
E
-0
2
··
·
··
·
··
·
··
·
··
·
··
·
··
·
··
·
Z
r9
0
1
.5
0
8
9
E
-1
0
7
.6
5
E
-0
1
1
.4
9
E
-0
2
2
.2
0
E
-0
1
··
·
··
·
··
·
··
·
··
·
··
·
··
·
Z
r9
1
3
.2
9
1
3
E
-1
1
9
.5
2
E
-0
1
1
.2
7
E
-0
2
3
.5
3
E
-0
2
··
·
··
·
··
·
··
·
··
·
··
·
··
·
Z
r9
2
5
.0
2
8
2
E
-1
1
9
.0
5
E
-0
1
6
.8
1
E
-0
3
8
.8
2
E
-0
2
··
·
··
·
··
·
··
·
··
·
··
·
··
·
Z
r9
4
5
.0
9
6
9
E
-1
1
1
.0
0
··
·
··
·
··
·
··
·
··
·
··
·
··
·
··
·
··
·
Z
r9
6
8
.2
0
8
3
E
-1
2
4
.6
3
E
-0
1
··
·
5
.3
7
E
-0
1
··
·
··
·
··
·
··
·
··
·
··
·
··
·
N
b
9
3
2
.1
2
0
9
E
-1
1
9
.1
4
E
-0
1
3
.3
7
E
-0
3
8
.2
6
E
-0
2
··
·
··
·
··
·
··
·
··
·
··
·
··
·
M
o
9
2
1
.0
0
7
5
E
-1
1
··
·
··
·
··
·
1
.0
0
··
·
··
·
··
·
··
·
··
·
··
·
M
o
9
4
6
.3
4
7
8
E
-1
2
8
.0
0
E
-0
3
··
·
··
·
9
.9
2
E
-0
1
··
·
··
·
··
·
··
·
··
·
··
·
M
o
9
5
1
.0
9
8
6
E
-1
1
6
.6
1
E
-0
1
3
.5
9
E
-0
3
3
.3
5
E
-0
1
··
·
··
·
··
·
··
·
··
·
··
·
··
·
M
o
9
6
1
.1
5
6
4
E
-1
1
1
.0
0
··
·
··
·
··
·
··
·
··
·
··
·
··
·
··
·
··
·
M
o
9
7
6
.6
5
8
3
E
-1
2
6
.1
1
E
-0
1
5
.5
5
E
-0
3
3
.8
3
E
-0
1
··
·
··
·
··
·
··
·
··
·
··
·
··
·
M
o
9
8
1
.6
9
1
9
E
-1
1
7
.9
4
E
-0
1
8
.6
2
E
-0
3
1
.9
7
E
-0
1
··
·
··
·
··
·
··
·
··
·
··
·
··
·
M
o
1
0
0
6
.8
1
4
3
E
-1
2
4
.3
0
E
-0
2
··
·
9
.5
7
E
-0
1
··
·
··
·
··
·
··
·
··
·
··
·
··
·
R
u
9
6
2
.6
8
6
4
E
-1
2
··
·
··
·
··
·
1
.0
0
··
·
··
·
··
·
··
·
··
·
··
·
R
u
9
8
9
.0
5
8
6
E
-1
3
··
·
··
·
··
·
1
.0
0
··
·
··
·
··
·
··
·
··
·
··
·
R
u
9
9
6
.1
8
4
1
E
-1
2
3
.0
4
E
-0
1
3
.6
5
E
-0
3
6
.9
2
E
-0
1
··
·
··
·
··
·
··
·
··
·
··
·
··
·
R
u
1
0
0
6
.1
0
6
8
E
-1
2
1
.0
0
··
·
··
·
··
·
··
·
··
·
··
·
··
·
··
·
··
·
R
u
1
0
1
8
.2
6
9
4
E
-1
2
1
.6
3
E
-0
1
2
.3
1
E
-0
3
8
.3
5
E
-0
1
··
·
··
·
··
·
··
·
··
·
··
·
··
·
R
u
1
0
2
1
.5
2
9
4
E
-1
1
4
.5
7
E
-0
1
··
·
5
.4
3
E
-0
1
··
·
··
·
··
·
··
·
··
·
··
·
··
·
162
T
a
b
le
B
.2
–
C
o
n
ti
n
u
ed
Io
n
S
o
la
r
M
a
in
s
W
ea
k
s
r
-p
ro
c
ν
p
-p
ro
c
γ
-p
ro
c
S
N
Ia
M
a
ss
iv
e
G
C
R
ν
/
N
ov
a
e/
G
C
R
B
B
N
R
u
1
0
4
9
.0
2
6
1
E
-1
2
2
.2
0
E
-0
2
··
·
9
.7
8
E
-0
1
··
·
··
·
··
·
··
·
··
·
··
·
··
·
R
h
1
0
3
1
.0
0
7
8
E
-1
1
1
.5
7
E
-0
1
··
·
8
.4
3
E
-0
1
··
·
··
·
··
·
··
·
··
·
··
·
··
·
P
d
1
0
2
3
.7
6
8
4
E
-1
3
··
·
··
·
··
·
2
.5
0
E
-0
1
7
.5
0
E
-0
1
··
·
··
·
··
·
··
·
··
·
P
d
1
0
4
4
.1
1
5
7
E
-1
2
1
.0
0
··
·
··
·
··
·
··
·
··
·
··
·
··
·
··
·
··
·
P
d
1
0
5
8
.2
4
9
9
E
-1
2
1
.4
6
E
-0
1
··
·
8
.5
4
E
-0
1
··
·
··
·
··
·
··
·
··
·
··
·
··
·
P
d
1
0
6
1
.0
0
9
7
E
-1
1
5
.4
5
E
-0
1
··
·
4
.5
5
E
-0
1
··
·
··
·
··
·
··
·
··
·
··
·
··
·
P
d
1
0
8
9
.7
7
5
7
E
-1
2
6
.9
5
E
-0
1
··
·
3
.0
5
E
-0
1
··
·
··
·
··
·
··
·
··
·
··
·
··
·
P
d
1
1
0
4
.3
3
0
0
E
-1
2
2
.8
0
E
-0
2
··
·
9
.7
2
E
-0
1
··
·
··
·
··
·
··
·
··
·
··
·
··
·
A
g
1
0
7
6
.8
9
8
2
E
-1
2
1
.5
9
E
-0
1
··
·
8
.4
1
E
-0
1
··
·
··
·
··
·
··
·
··
·
··
·
··
·
A
g
1
0
9
6
.4
0
8
7
E
-1
2
2
.7
1
E
-0
1
··
·
7
.2
9
E
-0
1
··
·
··
·
··
·
··
·
··
·
··
·
··
·
C
d
1
0
6
5
.3
5
2
2
E
-1
3
··
·
··
·
··
·
··
·
1
.0
0
··
·
··
·
··
·
··
·
··
·
C
d
1
0
8
3
.8
1
0
8
E
-1
3
4
.0
0
E
-0
3
··
·
··
·
··
·
9
.9
6
E
-0
1
··
·
··
·
··
·
··
·
··
·
C
d
1
1
0
5
.3
4
7
9
E
-1
2
1
.0
0
··
·
··
·
··
·
··
·
··
·
··
·
··
·
··
·
··
·
C
d
1
1
1
5
.4
8
0
7
E
-1
2
3
.5
4
E
-0
1
··
·
6
.4
6
E
-0
1
··
·
··
·
··
·
··
·
··
·
··
·
··
·
C
d
1
1
2
1
.0
3
3
2
E
-1
1
7
.0
0
E
-0
1
··
·
3
.0
0
E
-0
1
··
·
··
·
··
·
··
·
··
·
··
·
··
·
C
d
1
1
3
5
.2
3
2
3
E
-1
2
4
.0
2
E
-0
1
··
·
5
.9
8
E
-0
1
··
·
··
·
··
·
··
·
··
·
··
·
··
·
C
d
1
1
4
1
.2
3
0
2
E
-1
1
8
.3
7
E
-0
1
··
·
1
.6
3
E
-0
1
··
·
··
·
··
·
··
·
··
·
··
·
··
·
C
d
1
1
6
3
.2
0
7
0
E
-1
2
1
.5
8
E
-0
1
··
·
8
.4
2
E
-0
1
··
·
··
·
··
·
··
·
··
·
··
·
··
·
In
1
1
3
2
.0
7
4
9
E
-1
3
··
·
··
·
··
·
··
·
1
.0
0
··
·
··
·
··
·
··
·
··
·
In
1
1
5
4
.6
3
1
4
E
-1
2
4
.0
9
E
-0
1
··
·
5
.9
1
E
-0
1
··
·
··
·
··
·
··
·
··
·
··
·
··
·
S
n
1
1
2
9
.5
2
1
2
E
-1
3
··
·
··
·
··
·
··
·
1
.0
0
··
·
··
·
··
·
··
·
··
·
S
n
1
1
4
6
.4
6
1
9
E
-1
3
··
·
··
·
··
·
··
·
1
.0
0
··
·
··
·
··
·
··
·
··
·
S
n
1
1
5
3
.3
2
4
1
E
-1
3
2
.5
0
E
-0
2
··
·
··
·
··
·
9
.7
5
E
-0
1
··
·
··
·
··
·
··
·
··
·
S
n
1
1
6
1
.4
2
5
3
E
-1
1
1
.0
0
··
·
··
·
··
·
··
·
··
·
··
·
··
·
··
·
··
·
S
n
1
1
7
7
.5
2
6
8
E
-1
2
5
.1
4
E
-0
1
··
·
4
.8
6
E
-0
1
··
·
··
·
··
·
··
·
··
·
··
·
··
·
163
T
a
b
le
B
.2
–
C
o
n
ti
n
u
ed
Io
n
S
o
la
r
M
a
in
s
W
ea
k
s
r
-p
ro
c
ν
p
-p
ro
c
γ
-p
ro
c
S
N
Ia
M
a
ss
iv
e
G
C
R
ν
/
N
ov
a
e/
G
C
R
B
B
N
S
n
1
1
8
2
.3
7
5
2
E
-1
1
7
.2
7
E
-0
1
··
·
2
.7
3
E
-0
1
··
·
··
·
··
·
··
·
··
·
··
·
··
·
S
n
1
1
9
8
.4
1
8
1
E
-1
2
5
.8
8
E
-0
1
··
·
4
.1
2
E
-0
1
··
·
··
·
··
·
··
·
··
·
··
·
··
·
S
n
1
2
0
3
.1
9
5
9
E
-1
1
7
.6
2
E
-0
1
··
·
2
.3
8
E
-0
1
··
·
··
·
··
·
··
·
··
·
··
·
··
·
S
n
1
2
2
4
.5
3
9
0
E
-1
2
4
.2
0
E
-0
1
··
·
5
.8
0
E
-0
1
··
·
··
·
··
·
··
·
··
·
··
·
··
·
S
n
1
2
4
5
.6
7
6
5
E
-1
2
··
·
··
·
1
.0
0
··
·
··
·
··
·
··
·
··
·
··
·
··
·
S
b
1
2
1
4
.8
6
5
6
E
-1
2
3
.9
9
E
-0
1
··
·
6
.0
1
E
-0
1
··
·
··
·
··
·
··
·
··
·
··
·
··
·
S
b
1
2
3
3
.6
3
8
7
E
-1
2
6
.3
0
E
-0
2
··
·
9
.3
7
E
-0
1
··
·
··
·
··
·
··
·
··
·
··
·
··
·
T
e1
2
0
1
.2
2
5
1
E
-1
3
··
·
··
·
··
·
··
·
1
.0
0
··
·
··
·
··
·
··
·
··
·
T
e1
2
2
3
.3
2
1
9
E
-1
2
1
.0
0
··
·
··
·
··
·
··
·
··
·
··
·
··
·
··
·
··
·
T
e1
2
3
1
.1
5
8
8
E
-1
2
1
.0
0
··
·
··
·
··
·
··
·
··
·
··
·
··
·
··
·
··
·
T
e1
2
4
6
.1
4
6
0
E
-1
2
1
.0
0
··
·
··
·
··
·
··
·
··
·
··
·
··
·
··
·
··
·
T
e1
2
5
9
.1
1
0
6
E
-1
2
2
.0
8
E
-0
1
··
·
7
.9
2
E
-0
1
··
·
··
·
··
·
··
·
··
·
··
·
··
·
T
e1
2
6
2
.4
1
8
6
E
-1
1
4
.2
0
E
-0
1
··
·
5
.8
0
E
-0
1
··
·
··
·
··
·
··
·
··
·
··
·
··
·
T
e1
2
8
4
.0
4
3
8
E
-1
1
3
.6
0
E
-0
2
··
·
9
.6
4
E
-0
1
··
·
··
·
··
·
··
·
··
·
··
·
··
·
T
e1
3
0
4
.3
1
3
3
E
-1
1
··
·
··
·
1
.0
0
··
·
··
·
··
·
··
·
··
·
··
·
··
·
I1
2
7
2
.9
8
2
5
E
-1
1
5
.5
0
E
-0
2
··
·
9
.4
5
E
-0
1
··
·
··
·
··
·
··
·
··
·
··
·
··
·
X
e1
2
4
1
.9
1
0
8
E
-1
3
··
·
··
·
··
·
··
·
1
.0
0
··
·
··
·
··
·
··
·
··
·
X
e1
2
6
1
.6
5
6
9
E
-1
3
··
·
··
·
··
·
··
·
1
.0
0
··
·
··
·
··
·
··
·
··
·
X
e1
2
8
3
.3
1
6
2
E
-1
2
1
.0
0
··
·
··
·
··
·
··
·
··
·
··
·
··
·
··
·
··
·
X
e1
2
9
4
.0
7
7
3
E
-1
1
3
.2
0
E
-0
2
··
·
9
.6
8
E
-0
1
··
·
··
·
··
·
··
·
··
·
··
·
··
·
X
e1
3
0
6
.4
9
9
8
E
-1
2
1
.0
0
··
·
··
·
··
·
··
·
··
·
··
·
··
·
··
·
··
·
X
e1
3
1
3
.2
3
6
9
E
-1
1
7
.4
0
E
-0
2
··
·
9
.2
6
E
-0
1
··
·
··
·
··
·
··
·
··
·
··
·
··
·
X
e1
3
2
3
.9
1
2
9
E
-1
1
3
.0
0
E
-0
1
··
·
7
.0
0
E
-0
1
··
·
··
·
··
·
··
·
··
·
··
·
··
·
X
e1
3
4
1
.4
3
4
4
E
-1
1
4
.0
0
E
-0
2
··
·
9
.6
0
E
-0
1
··
·
··
·
··
·
··
·
··
·
··
·
··
·
X
e1
3
6
1
.1
6
8
1
E
-1
1
··
·
··
·
1
.0
0
··
·
··
·
··
·
··
·
··
·
··
·
··
·
164
T
a
b
le
B
.2
–
C
o
n
ti
n
u
ed
Io
n
S
o
la
r
M
a
in
s
W
ea
k
s
r
-p
ro
c
ν
p
-p
ro
c
γ
-p
ro
c
S
N
Ia
M
a
ss
iv
e
G
C
R
ν
/
N
ov
a
e/
G
C
R
B
B
N
C
s1
3
3
1
.0
1
0
2
E
-1
1
1
.4
9
E
-0
1
··
·
8
.5
1
E
-0
1
··
·
··
·
··
·
··
·
··
·
··
·
··
·
B
a
1
3
0
1
.2
8
6
8
E
-1
3
··
·
··
·
··
·
··
·
1
.0
0
··
·
··
·
··
·
··
·
··
·
B
a
1
3
2
1
.2
3
0
9
E
-1
3
··
·
··
·
··
·
··
·
1
.0
0
··
·
··
·
··
·
··
·
··
·
B
a
1
3
4
2
.9
3
9
8
E
-1
2
1
.0
0
··
·
··
·
··
·
··
·
··
·
··
·
··
·
··
·
··
·
B
a
1
3
5
8
.0
1
7
8
E
-1
2
2
.8
7
E
-0
1
··
·
7
.1
3
E
-0
1
··
·
··
·
··
·
··
·
··
·
··
·
··
·
B
a
1
3
6
9
.5
5
1
5
E
-1
2
1
.0
0
··
·
··
·
··
·
··
·
··
·
··
·
··
·
··
·
··
·
B
a
1
3
7
1
.3
6
6
1
E
-1
1
6
.4
1
E
-0
1
··
·
3
.5
9
E
-0
1
··
·
··
·
··
·
··
·
··
·
··
·
··
·
B
a
1
3
8
8
.7
2
0
7
E
-1
1
8
.9
5
E
-0
1
··
·
1
.0
5
E
-0
1
··
·
··
·
··
·
··
·
··
·
··
·
··
·
L
a
1
3
8
1
.1
3
7
1
E
-1
4
··
·
··
·
··
·
··
·
1
.0
0
··
·
··
·
··
·
··
·
··
·
L
a
1
3
9
1
.2
4
3
0
E
-1
1
6
.9
6
E
-0
1
··
·
3
.0
4
E
-0
1
··
·
··
·
··
·
··
·
··
·
··
·
··
·
C
e1
3
6
5
.9
6
9
0
E
-1
4
··
·
··
·
··
·
··
·
1
.0
0
··
·
··
·
··
·
··
·
··
·
C
e1
3
8
8
.0
2
2
7
E
-1
4
··
·
··
·
··
·
··
·
1
.0
0
··
·
··
·
··
·
··
·
··
·
C
e1
4
0
2
.8
3
8
5
E
-1
1
8
.8
7
E
-0
1
··
·
1
.1
3
E
-0
1
··
·
··
·
··
·
··
·
··
·
··
·
··
·
C
e1
4
2
3
.5
6
6
6
E
-1
2
1
.9
2
E
-0
1
··
·
8
.0
8
E
-0
1
··
·
··
·
··
·
··
·
··
·
··
·
··
·
P
r1
4
1
4
.6
9
1
2
E
-1
2
5
.0
8
E
-0
1
··
·
4
.9
2
E
-0
1
··
·
··
·
··
·
··
·
··
·
··
·
··
·
N
d
1
4
2
6
.2
9
7
7
E
-1
2
1
.0
0
··
·
··
·
··
·
··
·
··
·
··
·
··
·
··
·
··
·
N
d
1
4
3
2
.7
9
9
7
E
-1
2
3
.2
2
E
-0
1
··
·
6
.7
8
E
-0
1
··
·
··
·
··
·
··
·
··
·
··
·
··
·
N
d
1
4
4
5
.5
2
5
5
E
-1
2
5
.1
3
E
-0
1
··
·
4
.8
7
E
-0
1
··
·
··
·
··
·
··
·
··
·
··
·
··
·
N
d
1
4
5
2
.0
2
6
5
E
-1
2
2
.7
4
E
-0
1
··
·
7
.2
6
E
-0
1
··
·
··
·
··
·
··
·
··
·
··
·
··
·
N
d
1
4
6
3
.9
3
4
8
E
-1
2
6
.4
7
E
-0
1
··
·
3
.5
3
E
-0
1
··
·
··
·
··
·
··
·
··
·
··
·
··
·
N
d
1
4
8
1
.3
1
3
2
E
-1
2
1
.8
8
E
-0
1
··
·
8
.1
2
E
-0
1
··
·
··
·
··
·
··
·
··
·
··
·
··
·
N
d
1
5
0
1
.3
4
8
2
E
-1
2
··
·
··
·
1
.0
0
··
·
··
·
··
·
··
·
··
·
··
·
··
·
S
m
1
4
4
2
.2
2
3
4
E
-1
3
··
·
··
·
··
·
··
·
1
.0
0
··
·
··
·
··
·
··
·
··
·
S
m
1
4
7
1
.1
1
7
1
E
-1
2
2
.5
7
E
-0
1
··
·
7
.4
3
E
-0
1
··
·
··
·
··
·
··
·
··
·
··
·
··
·
S
m
1
4
8
8
.1
2
1
2
E
-1
3
1
.0
0
··
·
··
·
··
·
··
·
··
·
··
·
··
·
··
·
··
·
165
T
a
b
le
B
.2
–
C
o
n
ti
n
u
ed
Io
n
S
o
la
r
M
a
in
s
W
ea
k
s
r
-p
ro
c
ν
p
-p
ro
c
γ
-p
ro
c
S
N
Ia
M
a
ss
iv
e
G
C
R
ν
/
N
ov
a
e/
G
C
R
B
B
N
S
m
1
4
9
9
.9
8
3
7
E
-1
3
1
.2
5
E
-0
1
··
·
8
.7
5
E
-0
1
··
·
··
·
··
·
··
·
··
·
··
·
··
·
S
m
1
5
0
5
.3
0
5
9
E
-1
3
1
.0
0
··
·
··
·
··
·
··
·
··
·
··
·
··
·
··
·
··
·
S
m
1
5
2
1
.9
3
0
3
E
-1
2
2
.2
7
E
-0
1
··
·
7
.7
3
E
-0
1
··
·
··
·
··
·
··
·
··
·
··
·
··
·
S
m
1
5
4
1
.6
4
0
8
E
-1
2
2
.7
0
E
-0
2
··
·
9
.7
3
E
-0
1
··
·
··
·
··
·
··
·
··
·
··
·
··
·
E
u
1
5
1
1
.2
8
0
4
E
-1
2
5
.8
0
E
-0
2
··
·
9
.4
2
E
-0
1
··
·
··
·
··
·
··
·
··
·
··
·
··
·
E
u
1
5
3
1
.3
9
7
7
E
-1
2
5
.7
0
E
-0
2
··
·
9
.4
3
E
-0
1
··
·
··
·
··
·
··
·
··
·
··
·
··
·
G
d
1
5
2
1
.9
8
6
5
E
-1
4
7
.1
4
E
-0
1
··
·
··
·
··
·
2
.8
6
E
-0
1
··
·
··
·
··
·
··
·
··
·
G
d
1
5
4
2
.1
3
5
2
E
-1
3
1
.0
0
··
·
··
·
··
·
··
·
··
·
··
·
··
·
··
·
··
·
G
d
1
5
5
1
.4
4
9
0
E
-1
2
5
.9
0
E
-0
2
··
·
9
.4
1
E
-0
1
··
·
··
·
··
·
··
·
··
·
··
·
··
·
G
d
1
5
6
2
.0
0
3
8
E
-1
2
1
.7
5
E
-0
1
··
·
8
.2
5
E
-0
1
··
·
··
·
··
·
··
·
··
·
··
·
··
·
G
d
1
5
7
1
.5
3
2
4
E
-1
2
1
.1
1
E
-0
1
··
·
8
.8
9
E
-0
1
··
·
··
·
··
·
··
·
··
·
··
·
··
·
G
d
1
5
8
2
.4
3
1
5
E
-1
2
2
.8
2
E
-0
1
··
·
7
.1
8
E
-0
1
··
·
··
·
··
·
··
·
··
·
··
·
··
·
G
d
1
6
0
2
.1
4
0
6
E
-1
2
6
.0
0
E
-0
3
··
·
9
.9
4
E
-0
1
··
·
··
·
··
·
··
·
··
·
··
·
··
·
T
b
1
5
9
1
.7
2
5
5
E
-1
2
8
.5
0
E
-0
2
··
·
9
.1
5
E
-0
1
··
·
··
·
··
·
··
·
··
·
··
·
··
·
D
y
1
5
6
6
.1
4
9
3
E
-1
5
··
·
··
·
··
·
··
·
1
.0
0
··
·
··
·
··
·
··
·
··
·
D
y
1
5
8
1
.0
4
3
2
E
-1
4
··
·
··
·
··
·
··
·
1
.0
0
··
·
··
·
··
·
··
·
··
·
D
y
1
6
0
2
.5
5
7
5
E
-1
3
1
.0
0
··
·
··
·
··
·
··
·
··
·
··
·
··
·
··
·
··
·
D
y
1
6
1
2
.0
7
4
2
E
-1
2
5
.1
0
E
-0
2
··
·
9
.4
9
E
-0
1
··
·
··
·
··
·
··
·
··
·
··
·
··
·
D
y
1
6
2
2
.7
9
7
4
E
-1
2
1
.5
6
E
-0
1
··
·
8
.4
4
E
-0
1
··
·
··
·
··
·
··
·
··
·
··
·
··
·
D
y
1
6
3
2
.7
3
3
8
E
-1
2
4
.2
0
E
-0
2
··
·
9
.5
8
E
-0
1
··
·
··
·
··
·
··
·
··
·
··
·
··
·
D
y
1
6
4
3
.1
0
3
2
E
-1
2
2
.2
6
E
-0
1
··
·
7
.7
4
E
-0
1
··
·
··
·
··
·
··
·
··
·
··
·
··
·
H
o
1
6
5
2
.4
7
6
7
E
-1
2
8
.0
0
E
-0
2
··
·
9
.2
0
E
-0
1
··
·
··
·
··
·
··
·
··
·
··
·
··
·
E
r1
6
2
9
.8
9
0
4
E
-1
5
··
·
··
·
··
·
··
·
1
.0
0
··
·
··
·
··
·
··
·
··
·
E
r1
6
4
1
.1
3
9
2
E
-1
3
7
.4
0
E
-0
1
··
·
··
·
··
·
2
.6
0
E
-0
1
··
·
··
·
··
·
··
·
··
·
E
r1
6
6
2
.3
8
3
9
E
-1
2
1
.5
9
E
-0
1
··
·
8
.4
1
E
-0
1
··
·
··
·
··
·
··
·
··
·
··
·
··
·
166
T
a
b
le
B
.2
–
C
o
n
ti
n
u
ed
Io
n
S
o
la
r
M
a
in
s
W
ea
k
s
r
-p
ro
c
ν
p
-p
ro
c
γ
-p
ro
c
S
N
Ia
M
a
ss
iv
e
G
C
R
ν
/
N
ov
a
e/
G
C
R
B
B
N
E
r1
6
7
1
.6
2
7
2
E
-1
2
9
.1
0
E
-0
2
··
·
9
.0
9
E
-0
1
··
·
··
·
··
·
··
·
··
·
··
·
··
·
E
r1
6
8
1
.9
1
9
6
E
-1
2
2
.8
9
E
-0
1
··
·
7
.1
1
E
-0
1
··
·
··
·
··
·
··
·
··
·
··
·
··
·
E
r1
7
0
1
.0
6
0
9
E
-1
2
1
.2
3
E
-0
1
··
·
8
.7
7
E
-0
1
··
·
··
·
··
·
··
·
··
·
··
·
··
·
T
m
1
6
9
1
.1
0
3
3
E
-1
2
1
.2
5
E
-0
1
··
·
8
.7
5
E
-0
1
··
·
··
·
··
·
··
·
··
·
··
·
··
·
Y
b
1
6
8
8
.5
9
1
9
E
-1
5
··
·
··
·
··
·
··
·
1
.0
0
··
·
··
·
··
·
··
·
··
·
Y
b
1
7
0
2
.0
7
9
6
E
-1
3
1
.0
0
··
·
··
·
··
·
··
·
··
·
··
·
··
·
··
·
··
·
Y
b
1
7
1
9
.8
2
3
5
E
-1
3
2
.0
3
E
-0
1
··
·
7
.9
7
E
-0
1
··
·
··
·
··
·
··
·
··
·
··
·
··
·
Y
b
1
7
2
1
.5
1
2
4
E
-1
2
4
.2
9
E
-0
1
··
·
5
.7
1
E
-0
1
··
·
··
·
··
·
··
·
··
·
··
·
··
·
Y
b
1
7
3
1
.1
2
3
0
E
-1
2
2
.6
5
E
-0
1
··
·
7
.3
5
E
-0
1
··
·
··
·
··
·
··
·
··
·
··
·
··
·
Y
b
1
7
4
2
.2
3
3
4
E
-1
2
6
.0
2
E
-0
1
··
·
3
.9
8
E
-0
1
··
·
··
·
··
·
··
·
··
·
··
·
··
·
Y
b
1
7
6
9
.0
6
2
6
E
-1
3
8
.3
0
E
-0
2
··
·
9
.1
7
E
-0
1
··
·
··
·
··
·
··
·
··
·
··
·
··
·
L
u
1
7
5
1
.0
0
5
8
E
-1
2
1
.7
7
E
-0
1
··
·
8
.2
3
E
-0
1
··
·
··
·
··
·
··
·
··
·
··
·
··
·
L
u
1
7
6
2
.9
1
9
1
E
-1
4
1
.0
0
··
·
··
·
··
·
··
·
··
·
··
·
··
·
··
·
··
·
H
f1
7
4
6
.8
7
0
7
E
-1
5
··
·
··
·
··
·
··
·
1
.0
0
··
·
··
·
··
·
··
·
··
·
H
f1
7
6
2
.2
0
6
6
E
-1
3
1
.0
0
··
·
··
·
··
·
··
·
··
·
··
·
··
·
··
·
··
·
H
f1
7
7
7
.8
8
6
6
E
-1
3
1
.6
6
E
-0
1
··
·
8
.3
4
E
-0
1
··
·
··
·
··
·
··
·
··
·
··
·
··
·
H
f1
7
8
1
.1
5
7
0
E
-1
2
5
.6
6
E
-0
1
··
·
4
.3
4
E
-0
1
··
·
··
·
··
·
··
·
··
·
··
·
··
·
H
f1
7
9
5
.7
7
6
9
E
-1
3
3
.9
6
E
-0
1
··
·
6
.0
4
E
-0
1
··
·
··
·
··
·
··
·
··
·
··
·
··
·
H
f1
8
0
1
.4
8
7
8
E
-1
2
8
.5
7
E
-0
1
··
·
1
.4
3
E
-0
1
··
·
··
·
··
·
··
·
··
·
··
·
··
·
T
a
1
8
0
7
.0
3
8
7
E
-1
7
··
·
··
·
··
·
··
·
1
.0
0
··
·
··
·
··
·
··
·
··
·
T
a
1
8
1
5
.7
2
1
8
E
-1
3
4
.5
1
E
-0
1
··
·
5
.4
9
E
-0
1
··
·
··
·
··
·
··
·
··
·
··
·
··
·
W
1
8
0
4
.4
6
7
4
E
-1
5
··
·
··
·
··
·
··
·
1
.0
0
··
·
··
·
··
·
··
·
··
·
W
1
8
2
9
.8
8
1
5
E
-1
3
6
.0
1
E
-0
1
··
·
3
.9
9
E
-0
1
··
·
··
·
··
·
··
·
··
·
··
·
··
·
W
1
8
3
5
.3
3
7
7
E
-1
3
5
.7
0
E
-0
1
··
·
4
.3
0
E
-0
1
··
·
··
·
··
·
··
·
··
·
··
·
··
·
W
1
8
4
1
.1
4
2
7
E
-1
2
7
.6
4
E
-0
1
··
·
2
.3
6
E
-0
1
··
·
··
·
··
·
··
·
··
·
··
·
··
·
167
T
a
b
le
B
.2
–
C
o
n
ti
n
u
ed
Io
n
S
o
la
r
M
a
in
s
W
ea
k
s
r
-p
ro
c
ν
p
-p
ro
c
γ
-p
ro
c
S
N
Ia
M
a
ss
iv
e
G
C
R
ν
/
N
ov
a
e/
G
C
R
B
B
N
W
1
8
6
1
.0
6
0
0
E
-1
2
5
.7
4
E
-0
1
··
·
4
.2
6
E
-0
1
··
·
··
·
··
·
··
·
··
·
··
·
··
·
R
e1
8
5
5
.6
3
6
6
E
-1
3
2
.8
1
E
-0
1
··
·
7
.1
9
E
-0
1
··
·
··
·
··
·
··
·
··
·
··
·
··
·
R
e1
8
7
1
.0
1
6
9
E
-1
2
1
.0
2
E
-0
1
··
·
8
.9
8
E
-0
1
··
·
··
·
··
·
··
·
··
·
··
·
··
·
O
s1
8
4
3
.6
6
3
1
E
-1
5
··
·
··
·
··
·
··
·
1
.0
0
··
·
··
·
··
·
··
·
··
·
O
s1
8
6
2
.9
4
5
7
E
-1
3
1
.0
0
··
·
··
·
··
·
··
·
··
·
··
·
··
·
··
·
··
·
O
s1
8
7
2
.3
4
2
9
E
-1
3
4
.0
6
E
-0
1
··
·
··
·
··
·
5
.9
4
E
-0
1
··
·
··
·
··
·
··
·
··
·
O
s1
8
8
2
.4
5
8
4
E
-1
2
2
.8
5
E
-0
1
··
·
7
.1
5
E
-0
1
··
·
··
·
··
·
··
·
··
·
··
·
··
·
O
s1
8
9
2
.9
9
7
4
E
-1
2
4
.3
0
E
-0
2
··
·
9
.5
7
E
-0
1
··
·
··
·
··
·
··
·
··
·
··
·
··
·
O
s1
9
0
4
.8
7
4
5
E
-1
2
1
.4
0
E
-0
1
··
·
8
.6
0
E
-0
1
··
·
··
·
··
·
··
·
··
·
··
·
··
·
O
s1
9
2
7
.5
7
0
5
E
-1
2
3
.4
0
E
-0
2
··
·
9
.6
6
E
-0
1
··
·
··
·
··
·
··
·
··
·
··
·
··
·
Ir
1
9
1
6
.8
1
1
6
E
-1
2
1
.9
0
E
-0
2
··
·
9
.8
1
E
-0
1
··
·
··
·
··
·
··
·
··
·
··
·
··
·
Ir
1
9
3
1
.1
4
6
4
E
-1
1
1
.3
0
E
-0
2
··
·
9
.8
7
E
-0
1
··
·
··
·
··
·
··
·
··
·
··
·
··
·
P
t1
9
0
4
.7
5
9
9
E
-1
5
··
·
··
·
··
·
··
·
1
.0
0
··
·
··
·
··
·
··
·
··
·
P
t1
9
2
2
.7
1
3
2
E
-1
3
7
.9
2
E
-0
1
··
·
··
·
··
·
2
.0
8
E
-0
1
··
·
··
·
··
·
··
·
··
·
P
t1
9
4
1
.1
4
2
9
E
-1
1
6
.0
0
E
-0
2
··
·
9
.4
0
E
-0
1
··
·
··
·
··
·
··
·
··
·
··
·
··
·
P
t1
9
5
1
.1
7
2
8
E
-1
1
2
.3
0
E
-0
2
··
·
9
.7
7
E
-0
1
··
·
··
·
··
·
··
·
··
·
··
·
··
·
P
t1
9
6
8
.7
5
0
5
E
-1
2
1
.2
1
E
-0
1
··
·
8
.7
9
E
-0
1
··
·
··
·
··
·
··
·
··
·
··
·
··
·
P
t1
9
8
2
.4
8
3
4
E
-1
2
··
·
··
·
1
.0
0
··
·
··
·
··
·
··
·
··
·
··
·
··
·
A
u
1
9
7
5
.2
9
3
4
E
-1
2
5
.9
0
E
-0
2
··
·
9
.4
1
E
-0
1
··
·
··
·
··
·
··
·
··
·
··
·
··
·
H
g
1
9
6
1
.9
1
1
9
E
-1
4
··
·
··
·
··
·
··
·
1
.0
0
··
·
··
·
··
·
··
·
··
·
H
g
1
9
8
1
.2
4
2
0
E
-1
2
1
.0
0
··
·
··
·
··
·
··
·
··
·
··
·
··
·
··
·
··
·
H
g
1
9
9
2
.1
0
2
4
E
-1
2
2
.7
8
E
-0
1
··
·
7
.2
2
E
-0
1
··
·
··
·
··
·
··
·
··
·
··
·
··
·
H
g
2
0
0
2
.8
7
7
8
E
-1
2
6
.7
5
E
-0
1
··
·
3
.2
5
E
-0
1
··
·
··
·
··
·
··
·
··
·
··
·
··
·
H
g
2
0
1
1
.6
4
2
3
E
-1
2
5
.0
7
E
-0
1
··
·
4
.9
3
E
-0
1
··
·
··
·
··
·
··
·
··
·
··
·
··
·
H
g
2
0
2
3
.7
2
0
9
E
-1
2
8
.4
1
E
-0
1
··
·
1
.5
9
E
-0
1
··
·
··
·
··
·
··
·
··
·
··
·
··
·
168
T
a
b
le
B
.2
–
C
o
n
ti
n
u
ed
Io
n
S
o
la
r
M
a
in
s
W
ea
k
s
r
-p
ro
c
ν
p
-p
ro
c
γ
-p
ro
c
S
N
Ia
M
a
ss
iv
e
G
C
R
ν
/
N
ov
a
e/
G
C
R
B
B
N
H
g
2
0
4
8
.5
5
3
8
E
-1
3
1
.0
2
E
-0
1
··
·
8
.9
8
E
-0
1
··
·
··
·
··
·
··
·
··
·
··
·
··
·
T
l2
0
3
1
.4
6
4
8
E
-1
2
7
.9
0
E
-0
1
··
·
2
.1
0
E
-0
1
··
·
··
·
··
·
··
·
··
·
··
·
··
·
T
l2
0
5
3
.4
9
6
7
E
-1
2
5
.9
6
E
-0
1
··
·
4
.0
4
E
-0
1
··
·
··
·
··
·
··
·
··
·
··
·
··
·
P
b
2
0
4
1
.7
9
6
1
E
-1
2
1
.0
0
··
·
··
·
··
·
··
·
··
·
··
·
··
·
··
·
··
·
P
b
2
0
6
1
.6
7
1
4
E
-1
1
6
.5
9
E
-0
1
··
·
3
.4
1
E
-0
1
··
·
··
·
··
·
··
·
··
·
··
·
··
·
P
b
2
0
7
1
.8
4
9
6
E
-1
1
5
.8
3
E
-0
1
··
·
4
.1
7
E
-0
1
··
·
··
·
··
·
··
·
··
·
··
·
··
·
P
b
2
0
8
5
.2
9
4
1
E
-1
1
4
.2
3
E
-0
1
··
·
5
.7
7
E
-0
1
··
·
··
·
··
·
··
·
··
·
··
·
··
·
B
i2
0
9
3
.7
5
8
9
E
-1
2
5
.8
0
E
-0
2
··
·
9
.4
2
E
-0
1
··
·
··
·
··
·
··
·
··
·
··
·
··
·
T
h
2
3
2
1
.1
9
5
9
E
-1
2
··
·
··
·
1
.0
0
··
·
··
·
··
·
··
·
··
·
··
·
··
·
U
2
3
4
1
.3
3
1
7
E
-1
7
··
·
··
·
1
.0
0
··
·
··
·
··
·
··
·
··
·
··
·
··
·
U
2
3
5
1
.5
7
1
6
E
-1
3
··
·
··
·
1
.0
0
··
·
··
·
··
·
··
·
··
·
··
·
··
·
U
2
3
8
4
.8
9
9
4
E
-1
3
··
·
··
·
1
.0
0
··
·
··
·
··
·
··
·
··
·
··
·
··
·
169
Table B.3: Abundance Ratios (Scaling Model/Linear Interpolations) at different [Z]
Isotope [Z]=-1 [Z]=-3 Isotope [Z]=-1 [Z]=-3 Isotope [Z]=-1 [Z]=-3
H1 0.9995 1.0000 Mg24 1.0980 1.3675 Ca42 0.6347 0.3899
H2 0.9942 0.9998 Mg25 0.4635 0.1006 Ca43 0.3651 0.0503
He3 1.0088 1.0003 Mg26 0.4644 0.1009 Ca44 0.4238 0.0855
He4 1.0015 1.0001 Al27 0.5634 0.2077 Ca46 0.0097 0.0001
Li6 0.9003 1.0831 Si28 0.7892 0.8704 Ca48 0.0038 0.0000
Li7 0.9530 0.9999 Si29 0.3133 0.0559 Sc45 0.5466 0.1743
Be9 0.9425 1.1584 Si30 0.3129 0.0908 Ti46 0.3777 0.1252
B10 0.9425 1.1584 P31 0.6071 0.3252 Ti47 0.3253 0.0380
B11 0.9425 1.1584 S32 0.9211 1.2657 Ti48 0.5270 0.2676
C12 1.4204 2.9308 S33 0.7507 0.7052 Ti49 0.4319 0.1889
C13 1.5575 3.7785 S34 0.4206 0.1976 Ti50 0.0075 0.0000
N14 0.7076 0.3543 S36 0.0920 0.0026 V50 0.2747 0.0302
N15 0.4852 0.1142 Cl35 0.7423 0.4839 V51 0.4066 0.1976
O16 1.5271 3.6295 Cl37 0.5896 0.2614 Cr50 0.1986 0.1301
O17 0.5994 0.2154 Ar36 0.8476 0.9812 Cr52 0.4000 0.3266
O18 0.0598 0.0002 Ar38 0.4697 0.1978 Cr53 0.2532 0.2076
F19 0.7012 0.3448 Ar40 0.0504 0.0003 Cr54 0.0145 0.0045
Ne20 1.3117 2.2605 K39 0.7738 0.5137 Mn55 0.1331 0.1181
Ne21 0.8830 0.6934 K40 0.8825 0.6874 Fe54 0.0512 0.0759
Ne22 0.2099 0.0232 K41 0.7554 0.4877 Fe56 0.3112 0.3051
Na23 0.7288 0.3911 Ca40 0.6662 0.5927 Fe57 0.7367 0.3999
Fe58 0.0508 0.0037 As75 0.8701 0.8665 Y89 0.5928 0.2084
Co59 0.6743 0.3067 Se74 0.8711 0.8694 Zr90 0.7162 0.5002
Ni58 0.3176 0.0320 Se76 0.5894 0.2048 Zr91 0.6126 0.2552
Ni60 0.8105 0.5328 Se77 0.8948 0.9248 Zr92 0.6423 0.3254
Ni61 0.7482 0.4210 Se78 0.6964 0.4568 Zr94 0.5929 0.2084
Ni62 0.7784 0.4777 Se80 1.0984 1.4044 Zr96 0.8939 0.9206
Ni64 0.1666 0.0574 Se82 1.1529 1.5333 Nb93 0.6392 0.3180
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Table B.3 – Continued
Isotope [Z]=-1 [Z]=-3 Isotope [Z]=-1 [Z]=-3 Isotope [Z]=-1 [Z]=-3
Cu63 0.7444 0.4228 Br79 1.0115 1.1997 Mo92 1.1535 1.5346
Cu65 0.5393 0.1679 Br81 0.8762 0.8808 Mo94 1.1490 1.5240
Zn64 0.7622 0.4474 Kr78 0.8711 0.8694 Mo95 0.7809 0.6532
Zn66 0.4529 0.1032 Kr80 0.6739 0.4042 Mo96 0.5929 0.2084
Zn67 0.3895 0.0946 Kr82 0.6070 0.2453 Mo97 0.8078 0.7169
Zn68 0.3867 0.1117 Kr83 0.9487 1.0517 Mo98 0.7035 0.4702
Zn70 1.1529 1.5333 Kr84 0.9793 1.1234 Mo100 1.1294 1.4776
Ga69 0.7171 0.5062 Kr86 1.0475 1.2840 Ru96 1.1535 1.5346
Ga71 0.5891 0.2044 Rb85 0.8771 0.8825 Ru98 1.1535 1.5346
Ge70 0.5891 0.2044 Rb87 0.9965 1.1633 Ru99 0.9810 1.1266
Ge72 0.7302 0.5370 Sr84 0.8711 0.8694 Ru100 0.5929 0.2084
Ge73 0.7275 0.5305 Sr86 0.5911 0.2066 Ru101 1.0608 1.3154
Ge74 0.7280 0.5315 Sr87 0.5911 0.2065 Ru102 0.8973 0.9286
Ge76 1.1529 1.5333 Sr88 0.5929 0.2084 Ru104 1.1411 1.5054
Rh103 1.0655 1.3264 Sn115 0.5976 0.2134 Xe128 0.5929 0.2084
Pd102 0.7367 0.5438 Sn116 0.5929 0.2084 Xe129 1.1355 1.4922
Pd104 0.5929 0.2084 Sn117 0.8653 0.8530 Xe130 0.5929 0.2084
Pd105 1.0716 1.3410 Sn118 0.7459 0.5705 Xe131 1.1120 1.4365
Pd106 0.8480 0.8119 Sn119 0.8239 0.7548 Xe132 0.9853 1.1368
Pd108 0.7639 0.6129 Sn120 0.7263 0.5241 Xe134 1.1310 1.4816
Pd110 1.1378 1.4975 Sn122 0.9180 0.9776 Xe136 1.1535 1.5346
Ag107 1.0643 1.3238 Sn124 1.1535 1.5346 Cs133 1.0699 1.3370
Ag109 1.0016 1.1752 Sb121 0.9298 1.0055 Ba130 0.5977 0.2136
Cd106 0.5977 0.2136 Sb123 1.1181 1.4511 Ba132 0.5977 0.2136
Cd108 0.5977 0.2135 Te120 0.5977 0.2136 Ba134 0.3097 0.0297
Cd110 0.5929 0.2084 Te122 0.5929 0.2084 Ba135 0.9113 1.1027
Cd111 0.9550 1.0652 Te123 0.5929 0.2084 Ba136 0.3097 0.0297
Cd112 0.7611 0.6063 Te124 0.5929 0.2084 Ba137 0.6126 0.5700
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Table B.3 – Continued
Isotope [Z]=-1 [Z]=-3 Isotope [Z]=-1 [Z]=-3 Isotope [Z]=-1 [Z]=-3
Cd113 0.9281 1.0015 Te125 1.0369 1.2588 Ba138 0.3983 0.1877
Cd114 0.6843 0.4246 Te126 0.9180 0.9776 La138 0.5977 0.2136
Cd116 1.0649 1.3251 Te128 1.1333 1.4869 La139 0.5662 0.4872
In113 0.5977 0.2136 Te130 1.1535 1.5346 Ce136 0.5977 0.2136
In115 0.9242 0.9922 I127 1.1226 1.4617 Ce138 0.5977 0.2136
Sn112 0.5977 0.2136 Xe124 0.5977 0.2136 Ce140 0.4051 0.1998
Sn114 0.5977 0.2136 Xe126 0.5977 0.2136 Ce142 0.9915 1.2457
Pr141 0.7248 0.7701 Gd157 1.0598 1.3676 Yb171 0.9822 1.2291
Nd142 0.3097 0.0297 Gd158 0.9155 1.1102 Yb172 0.7915 0.8890
Nd143 0.8818 1.0500 Gd160 1.1484 1.5256 Yb173 0.9299 1.1358
Nd144 0.7206 0.7626 Tb159 1.0817 1.4067 Yb174 0.6455 0.6287
Nd145 0.9223 1.1223 Dy156 0.5977 0.2136 Yb176 1.0834 1.4097
Nd146 0.6076 0.5609 Dy158 0.5977 0.2136 Lu175 1.0041 1.2682
Nd148 0.9948 1.2517 Dy160 0.3097 0.0297 Lu176 0.3097 0.0297
Nd150 1.1535 1.5346 Dy161 1.1104 1.4579 Hf174 0.5977 0.2136
Sm144 0.5977 0.2136 Dy162 1.0218 1.2999 Hf176 0.3097 0.0297
Sm147 0.9366 1.1479 Dy163 1.1180 1.4714 Hf177 1.0134 1.2848
Sm148 0.3097 0.0297 Dy164 0.9628 1.1945 Hf178 0.6759 0.6828
Sm149 1.0480 1.3465 Ho165 1.0860 1.4142 Hf179 0.8193 0.9387
Sm150 0.3097 0.0297 Er162 0.5977 0.2136 Hf180 0.4304 0.2449
Sm152 0.9619 1.1930 Er164 0.3846 0.0775 Ta180 0.5977 0.2136
Sm154 1.1307 1.4940 Er166 1.0193 1.2953 Ta181 0.7729 0.8559
Eu151 1.1045 1.4473 Er167 1.0767 1.3977 W180 0.5977 0.2136
Eu153 1.1054 1.4488 Er168 0.9096 1.0997 W182 0.6464 0.6302
Gd152 0.3921 0.0823 Er170 1.0497 1.3495 W183 0.6725 0.6768
Gd154 0.3097 0.0297 Tm169 1.0480 1.3465 W184 0.5089 0.3849
Gd155 1.1037 1.4458 Yb168 0.5977 0.2136 W186 0.6692 0.6708
Gd156 1.0058 1.2713 Yb170 0.3097 0.0297 Re185 0.9164 1.1117
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Table B.3 – Continued
Isotope [Z]=-1 [Z]=-3 Isotope [Z]=-1 [Z]=-3 Isotope [Z]=-1 [Z]=-3
Re187 1.0674 1.3811 Pt194 1.1028 1.4443 Tl203 0.4869 0.3457
Os184 0.5977 0.2136 Pt195 1.1340 1.5000 Tl205 0.6506 0.6377
Os186 0.3097 0.0297 Pt196 1.0514 1.3525 Pb204 10 1000
Os187 0.4808 0.1389 Pt198 1.1535 1.5346 Pb206 6.9833 659.52
Os188 0.9130 1.1057 Au197 1.1037 1.4458 Pb207 6.3110 583.64
Os189 1.1172 1.4699 Hg196 0.5977 0.2136 Pb208 4.8955 423.89
Os190 1.0353 1.3239 Hg198 0.3097 0.0297 Bi209 1.6666 59.446
Os192 1.1248 1.4835 Hg199 0.9189 1.1163 Th232 1.1535 1.5346
Ir191 1.1374 1.5060 Hg200 0.5839 0.5188 U234 1.1535 1.5346
Ir193 1.1425 1.5151 Hg201 0.7257 0.7716 U235 1.1535 1.5346
Pt190 0.5977 0.2136 Hg202 0.4439 0.2690 U238 1.1535 1.5346
Pt192 0.3696 0.0680 Hg204 1.0674 1.3811
Appendix C
Solar Abundance Decomposition
173
174
Figure C.1: Solar Abundance Decomposition for 1 ≤ A ≤ 28. Contributions above
about 1% can be identified.
175
Figure C.2: Solar Abundance Decomposition for 28 ≤ A ≤ 54. Contributions above
about 1% can be identified.
176
Figure C.3: Solar Abundance Decomposition for 50 ≤ A ≤ 78. Contributions above
about 1% can be identified.
177
Figure C.4: Solar Abundance Decomposition for 74 ≤ A ≤ 100. Contributions above
about 1% can be identified.
178
Figure C.5: Solar Abundance Decomposition for 98 ≤ A ≤ 124. Contributions above
about 1% can be identified.
179
Figure C.6: Solar Abundance Decomposition for 120 ≤ A ≤ 144. Contributions above
about 1% can be identified.
180
Figure C.7: Solar Abundance Decomposition for 144 ≤ A ≤ 168. Contributions above
about 1% can be identified.
181
Figure C.8: Solar Abundance Decomposition for 166 ≤ A ≤ 190. Contributions above
about 1% can be identified.
182
Figure C.9: Solar Abundance Decomposition for 186 ≤ A ≤ 209. Contributions above
about 1% can be identified.
Appendix D
Initial Composition Plots
183
184
Figure D.1: The ratio of initial compositions (GG/SS) at a initial metallicity of [Z]=+0.2
for all isotopes.
185
Figure D.2: The ratio of initial compositions (GG/SS) at a initial metallicity of [Z]=+0.1
for all isotopes.
186
Figure D.3: The ratio of initial compositions (GG/SS) at a initial metallicity of [Z]=0
for all isotopes.
187
Figure D.4: The ratio of initial compositions (GG/SS) at a initial metallicity of [Z]=-0.2
for all isotopes.
188
Figure D.5: The ratio of initial compositions (GG/SS) at a initial metallicity of [Z]=-0.4
for all isotopes.
189
Figure D.6: The ratio of initial compositions (GG/SS) at a initial metallicity of [Z]=-0.6
for all isotopes.
190
Figure D.7: The ratio of initial compositions (GG/SS) at a initial metallicity of [Z]=-0.8
for all isotopes.
191
Figure D.8: The ratio of initial compositions (GG/SS) at a initial metallicity of [Z]=-1
for all isotopes.
192
Figure D.9: The ratio of initial compositions (GG/SS) at a initial metallicity of [Z]=-1.5
for all isotopes.
193
Figure D.10: The ratio of initial compositions (GG/SS) at a initial metallicity of [Z]=-2
for all isotopes.
194
Figure D.11: The ratio of initial compositions (GG/SS) at a initial metallicity of [Z]=-
2.5 for all isotopes.
195
Figure D.12: The ratio of initial compositions (GG/SS) at a initial metallicity of [Z]=-3
for all isotopes.
196
Figure D.13: The ratio of initial compositions (GG/SS) at a initial metallicity of [Z]=-4
for all isotopes.
Appendix E
Helium Reaction Rate Plots
197
198
Figure E.1: Standard deviations of the production factors of intermediate-mass isotopes
for all models as a function of the R3α and Rα,12 multipliers. The horizontal axis gives
the Rα,12 multiplier, the vertical axis gives the R3α multiplier, and the color scale gives
the logarithm of the standard deviations.
199
Figure E.2: Standard deviations of the production factors of weak s-only isotopes for all
models as a function of the R3α and Rα,12 multipliers. The figure follows the convention
of Fig. E.1.
200
Figure E.3: Compactness parameter values for all models as a function of the R3α and
Rα,12 multipliers. The color scale gives the logarithm of the compactness parameter,
and the rest of the figure follows the convention of Fig. E.1.
201
Figure E.4: Baryonic mass of the progenitors (M) for all models as a function of the
R3α and Rα,12 multipliers. The color scale gives the logarithm of the baryonic mass,
and the rest of the figure follows the convention of Fig. E.1.
202
Figure E.5: Central carbon mass fractions at the end of core-He burning for all models
as a function of the R3α and Rα,12 multipliers. The color scale gives the carbon mass
fraction, and the rest of the figure follows the convention of Fig. E.1.
